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Chuong 1
TOAN HOC

1.1. TOAN SO CAP

1.1.1. Dai s6 va lugng giac

1.1.1.1. Cac cong thirc két hop - Nhi thitc Niu ton

1. Hodn vi (khéng ldp) cia n phdn ti phan biét (n € N)
(Kihiéu: n e N < nla mot s6 nguyén, duong hoac bing 0).

a) Dinh nghia

Moi cach xép (khong lap) n phan tlir phan biét thanh day c6 thi tu cho ta mot hoan
vi ctia n phan tir d6. Vi du: (5, 3,1, 2, 4) 1a mot hoédn vi ctia 5 s6 tu nhién du tién.

b) S6 hoan vi cua n phan ti phan biét
P.=n(nh-1)(n-2)...1 =n! (1.1.1)
(n! doc 1a giai thita n hodc n giai thira. SO nay bang tich ctia n s6 tu nhién diu tién).
Vi du: S6 hodn vi ctia 5 s6 tu nhién dau tién la:
P,=5!=5%x4x3x2x1=120.
Nhu vay, s€ ¢6 120 cdach xép 5 phan tir thanh day c6 thi tu.

¢) Quy udc tinh
0!'=1.

2. Chinh hop (khéng ldp) chap k cia n phdn ti phan biét
(O<k<n; n,keN)
a) Dinh nghia
Moi cach xép (khong 1ap) k trong n phan tir phan biét thanh day c6 thi tu cho ta
mot chinh hop chap k cua n phan tir d6. Vi du: (5, 3, 1) 1a mét chinh hop chap 3 cua 5
sO tu nhién dau tién.

b) S6 chinh hop chap k ctia n phan tlr phan biét

Ko (n-1)(n-2)..(n-k+1) (1.1.2)

A
" (n-k)!
Vi du: S6 chinh hop chap 3 cuia 5 s6 tu nhién dau tién 1a 5x4 x 3 = 60. Nhu vay, tir
5 s6 tu nhién dAu tién, c6 thé lap dugc 60 s6 phan biét gém 3 chit s6 khdc nhau doi mot.
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¢) S6 chinh hop chap n cta n phan tlr phan biét chinh la s6 hoan vi clia n phan tir d6:

A" =P,.

3. T6' hop (khéng ldp) chdp k cia n phdn ti phdn biét
(O<k<n; nkeN)
a) Dinh nghia
Mai tap con (khong lap) gom k trong n phan tir phan biét cho ta mot t6 hop chap k
ctia n phan tir d6. Vi du: Tap ba s6 5, 3, 1 khong ké’ thir tu 12 mot t6 hop chap 3 ctia 5 s6
tu nhién dau tién.

b) S6 t6 hop chap k ctia n phan tir phan biét

ck___n! A}
" k!(n-k)! k!

(1.1.3)

.2 ) ’ . < ... 60 . y
Vi du: So t6 hop chap 3 cua 5 so tu nhién dau tién la %), =10. Nhu vay tu 5 so tu
nhién dau tién, c6 thé 1ap duoc 10 tap con, dé mbi tap gom 3 chit s6 khdc nhau doi mot.

c) So chinh hop chap k ctia n phin tir phan biét gap (k!) 14n s6 t6 hop chap k ciia n phan
tlr do.

4. Chinh hop (cho phép ldp) chdp k ctia n phan ti phan biét (n, k € N)
a) Dinh nghia

Moi cach xép (cho phép lap) k phan tu, rit tir n phan tr phan biét, thanh day c6
thi tu cho ta mot chinh hop Idp chap k cta n phan tr d6. Vi du: (5, 3, 3) 1a mot chinh
hop 1ap chap 3 cua 5 s6 tu nhién dau tién. Mot day 16 s6 0, s6 1 1a mot chinh hop lap
chap 16 cua hai so nay.

b) S6 chinh hop lap chap k ciia n phén tir phan biét

Lk =nk (1.1.4)

n
Vi du: S6 chinh hop lap chap 5 ctia 3 s tu nhién déu tién 1a 3° = 243. Nhu vay,
tr 3 chit s6 1, 2, 3 ¢6 thé lap duoc 243 day s6, dé mbi day gém 5 s6 c6 ké thit tu (nam
s6 nay co thé giong nhau hodc khac nhau doi mot).

5. T6 hop va hodn vi (cho phép ldp) ctia tdp n phdn ti
a) Néu thuc hién phép chon n phan tir trong k nhém (cac phén tir trong mbi nhém giong
nhau va sO phan tlir trong mdi nhém 16n hon hay bing n) ta ¢6 s6 phép chon Ia:

C];;Ll . Pay 1a 56't6 hop (cho phép ldp) ciia n phdn tir chon tir k nhém.
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Vi du: S6 cach chon 6 cudn sach thuoc ba loai Toan, Van, Tin hoc trong mot dong

sdch chita ca ba loai (s6 sich mobi loai 16n hon hoac bang 6) la: C§ =28.

b) S6 cach chia tap hgp n phan tlr phan biét thanh k nhém, trong d6 nhém thit i cé6 m,
phan ti khac nhau doi mot va (m, + m, + ... + m,) = n duoc tinh theo cong thic:
n!

cimsiamy - L (1.15)
my.my...my.

Day 1a s6 hodn vi (cho phép ldp) ciia n cdi nhan hiéu cua k nhém.
Vi du: S6 cach x€p 10 hanh khach vao 3 toa tiu sao cho toa I ¢6 3, toa II c6 2, toa
I ¢6 5 1a:

. . '
25 _ 3’120"5' 2520 c4ch.

DPay la s6 hoan vi lap cta 10 s6 (nhan) LILIIIL.

¢) Tir cong thic (1.1.5) ¢6 thé trd lai cong thitc (1.1.3) va ta ¢6 thé hiéu:

ck___ ! A}
" k!(n-k)! k!

la s6 cach chia tap n phan tr phan biét thanh 2 nhém; mot nhém ¢6 k phan tit, nhém kia
¢6 (n — k) phan tu.

6. Cong thirc khai trién nhi thicc Niu-ton
a) Cong thic

n

(a+b)" =>" Cra*b* (1.1.6)
k=0
(Giai thich (1.1.6): Trong cong thic khai trién (a + b)* = (a + b) (a + b) ... (a + b), s0
hang a" *b" xuat hien C* Ian).

b) Céc tinh chat ctia khai trién nhi thitc Niu-ton
+ Vé& phai ctia (1.1.6) gbm (n + 1) s6 hang xép theo thi tu (mii clia a giam dan tir n
dén 0, trong khi mii cia b ting dan tir O dén n hodc nguoc lai). Trong mdi s6
hang, tong c4c s6 mii clia a va b luon bing n.
+ Cdc hé s6 c6 tinh d6i xing, tic 1a: CX = Ch*
+ Hé s6 ciia s6 hang sau c6 thé suy tir hé s clia s6 hang trudc theo cong thic:
Ch(n—-k) (Hesd truéc)x (s6 miiciiaa)

Ck+1 — —
" k+1 (S6 miichab)+1
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+ Céac hé s6 khai trién theo thit tu 1ap nén tam gidc Pascale:
Co
¢l G

thda man tinh chat: CX +CX*' =c** (0<k<n;k,neN)

Tinh ra s6 cu thé, tam gidc Pascale c6 dang:

n Céc heé s khai trién

0 1

1 1 1

2 1 2 1

3 1 3 3 1

4 1 4 6 4 1

5 1 5 10 10 5 1

6 1 6 15 20 15 6 1

7 1 7 21 35 35 21 7 1

8 1 8 28 56 70 56 28 8 1

9 1 9 36 84 126 126 84 36 9 1

10 1 10 45 120 210 252 210 120 45 10 1
1.1.1.2. S6 phiic

1. Dinh nghia
S6 phttc 1a mot s6 ¢ dang:
Z=a+ib

trong do:

a, b 1a hai s6 thuc;

ila don vi 4o v6ii* =-1
(a duoc goi 1a phdn thuc, ki hiéu ReZ, con ib dugc goi 1a phdn do cta Z, ki hiéu ImZ;
khi a =0, Z 1a 56 thudn do con khi b =0, Z 1a 56 thuc).
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Ngudi ta biéu dién s6 phic Z = a + ib bing diém M(a; b) trong hé toa do vuong
gbc xOy. Khi do:

r=0M = vVaZ +b’

dugc goi la moédun, ki hiéu |Z|va ¢ = xOM (v6i tg(p=2; chon ¢ sao cho:
a

sing = _5 va ¢ = +Z khia= 0) 1a acguymen chinh cua so6 phic Z, ki hiéu la
a% +b?
arg”Z.
So phiic ¢6 thé viet dudi dang dai s6"
Z=a+ib
hoac dang luong gidc:
Z =r1(cos@ +ising).
Hai s6 phic cé cung phan thuc va cé phan ao d6i nhau duoc goi 1a hai so” phiic
lién hop (Z=a+ibva Z =a—ib).
2. Cdc phép tinh trén tdp s6 phicc
+ Phép cong (hodc phép trlr) cho ta téng (hodc hiéu) hai s6 phiic:

(a, +1b)) £ (a, +1b,) =(a, £ a,) +i1(b, £ b,)

+ Phép nhan cho ta tich hai s6 phic:
(a, +1by) (a, +1b,) = (a;3, — b;by) +i(a;b, + a,b,)

+ Phép chia cho ta thuong hai s6 phic (v6i diéu kién Z, # 0, tic 1a: a3 +b3 = 0).
Z, _ay+ib, _(a +ib)(a; —iby) aja, +bby bja, —bya .
_—= - = - " = 1
Z, a,+ib, (a,+ib,)(ay —ib,) a% + b% a% + b%

+ Toéng hai so phiic lién hgp bang:

Z+ Z =2a=2ReZ.
+ Tich hai s6 phiic lién hop bang:

ZxZ=a+b=2[.

+

Phép nhan va phép chia hai s6 phuc viét dudi dang luong gidc s€ rat tién lgi:
Chang han véi hai s6 phtc:

Z, =r1,(cosp,+1sin @,)
va Z, =1,(cosp,+ 1 sin @,),
ta c6 thé tinh mo dun va aguymen ctia tich hodc thuong hai s6 theo cac cong thiic:
|z, xZ,| =1Z,] x |Z,] =1, 1y
arg(Z, x Z,) = argZ, + argZ, = @ |+ ¢ 5;
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Z,

:@ (Z, #0);
Z, e

Z
argz—1 =argZ, —argZ,=¢, — Q,.

2
+ Phép lily thira va khai can d6i véi s6 phiic cling c¢6 thé thuc hién bing dang
luong gidc:
\(! Z =1(cosp +i sin ¢ )

va n la s6 nguyén duong, ta c6:

Z" = 1"(cosng + isinng)

va Q/Z:Q/?(cos@”kﬂismq’”k“j (k=0,1,..,n—1)
n n

+ Liy thita bac n ctia mot s phitc Z con c¢6 thé tinh duoc theo khai trién Niu-ton:
n
Z" =(a+ib)" = > Cka"*(ib)*
k=0
va n gia tri can bac n cling ¢ thé tinh dugc bing cach gidi hé phuong trinh dai s0,

chang han dé khai can bac hai cia Z = a + ib, nguoi ta dat JZ =x+ iy, r0i giai hé:

2y —a,
2xy =b
dé tim x, y.

1.1.1.3. Cap so
1. Cédp s6 céng (CSC)

CSC 1a mot day so hitu han hodc vo han, trong d6 mdi so6 hang, ké tir s6 hang thi
hai tr& di, luon bang s6 hang ding trudc nd cong véi mot s6 khong doi, goi 1a cong sai
=u, +d (1.1.7)

Up

s

VGi:
n la s6 nguyén, n > 2;
d 1a cong sai, d = hang sd;
khi d > 0, CSC 1a tdng (hay tién),
khi d < 0, CSC 1a giam (hay Iui);
Ki hiéu CSC 1a =+
+ Muo6n xac dinh mot CSC, can biét u,, d va n (hitu han hoac vo han).
+ S6 hang thi n:
u,=u; +(n-1)d (1.1.8)
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+ Téng n s6 hang dau tién ctia CSC la:

(u1 +un)n:g[2u1 +(n—l)d] (1.1.9)

" 2
2. Cdp s6 nhan (CSN)
CSN 1a mot ddy s6 hitu han hodc vo han, trong d6 méi s6 hang, ké tir s6 hang thi
hai tr& di, luon bang s6 hang ding trudc né nhan véi mot s6 khong déi, goi 1a cong boi
u, =u,; xq (1.1.10)
voi:
n la s6 nguyén duong, n > 2;
q la cong boi, q = hing s6;
khi g > 1, CSN la tdng (hay tié€n),
khi 0 < q < 1, CSN la giam (hay Iui);
Ki hiéu CSN la: .
+ Muén xac dinh mot CSN, can biét u,, q va n (hitu han hoac vo han).
+ S6 hang thi n:
u=u, q" ! (1.1.11)

+ Téng n s6 hang dau tién ctia CSN la:
n
u|q -1 A
- ( )=u“q B nsuqzl (1.1.12)
q-1 q-1
S, =nuy, néu q = (1.1.13)

n

+ Téng cac s6 hang ctia mot CSN vo han véi | q | <1 bang:

Uy

S =
I-q
Cong thiic (1.1.14) c6 thé suy tix (1.1.12) khi cho n — .

(1.1.14)

1.1.1.4. Logarit
1. Dinh nghia
Vé6i N >0, 0 <a=# 1, phuong trinh:
a’=N
c6 mot nghiém duy nhat, ki hiéu:
x =log,N
va duoc goi 1a logarit theo co s6 a ctia N.
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+ Tur dinh nghia trén, suy ra:
aloga N _ N;
log, a* =x.

+ Logarit theo co s6 10 dugc goi la légarit thdp phdn, ki hiéu 1a IgN hoac logN.

+ Logarit theo co s6 e dugc goi 1a logarit tu nhién, ki hiéu 1a InN (e 1a s6 vo ti, c6

gid tri gan ding 1a 2,71828).
2. Cdc cong thize vé logarit

log,(N,. N,) =log,N, +log N, (N;;N,>0;0<a=#1)

N
log, —1 = log, Ny —log, N,
N2

log, N* = a.log, N (v €M)
logy, N

log, a
C6 thé viét téng quat hon céc cong thifc trén nhu sau:

loga|N1.N2 ‘=10ga|N1 ‘+10ga|N2 | (N;N,#0;0<a=1)

log, N = O<b=1).

N
log |—- =log |N,|-log [N
ga N2 ga 1| ga 2|
log, N*" =2nlog,|N]| (N #0)
1.1.1.5. Luong giac

1. Don vi do géc: radian
a) Dinh nghia

G6c mot radian 1a goc ¢6 dinh O & tam mot duong tron ban kinh R, chan mot
cung AB trén dudng tron c6 do dai bang R.

b) Theo dinh nghia trén:

180°
7T

~57°1745

1 radian ~

10 ~ %radian ~ 0,017453 radian; 1' ~0,000291 radian; 1" ~ 0,000005 radian.

Goc tinh theo do 10 30° 45° 60° 90° 180° | 270° | 360°

L . 1 T o T 3n

Goc tinh theo radian — — — — — oL — 27
180 6 4 3 2 2
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2. Cdc dinh nghia co ban

a) Trong hé truc chuin xQOy, dudng tron dinh hudng tam O(0; 0), ban kinh R = 1
duoc goi 1a duong tron lugng gidc. Trén dudng tron nay, cho diém A(1; 0) va diém
M(x; y). Goi cung AM tao bsi mot diém chay trén dudng tron tir A dén M (c6 thé
quay nhiéu vong quanh tam O, cing chiéu hodc ngugc chiéu kim dong ho) 1a cung
luong gidc v6i diém ddu A, diém cudi M.

b) Goi a 1a s6 do (tinh theo do hoac radian) cua cung luong gidc AM. Khi d6, nguoi ta
dinh nghia:
+ Tung do diém M I sin ctia o va ki hiéu 1a sino:
sino. =y.
+ Hoanh do diém M 1a cos cua o va ki hiéu 1a cosa:
cosoL = X.

+ Ti s0 giita tung do va hoanh do diém M (khi x # 0) 1a tang ctia o va ki hiéu 12 tgou:

tgo = siha (tga x4c dinh < cosa # 0).

+ Ti s6 giita hoanh do va tung do diém M 1a cotang ctia o, va ki hiéu 1a cotgo:

1 cosa L .
cotga = — = — (cotga x4c dinh < sina # 0)
tgo.  smao

sina; cosa,; tga; cotga duoc goi la cac gid tri luong gidc clhia cung lugng giac o.

boi khi, nguoi ta con dua vao cic ki hiéu: coseco = ——; seca =

sino cosa,
Tir cac dinh nghia trén, ta c¢6 thé xdc dinh ddu ciia cdc gid tri luong gidc cia o tiy
theo vi tri diém cu6i M clia cung ndy nim & goc phan tu nao trén dudng tron luong gidc.

3. Cdc hé thie lugng gidc co ban

a) sina+cos’a =1 Va
sin o T
b) tga = Vo #—+km
cosa 2
cosa
cotgoL = — Va#km, keZ
sino
c) cos(a£B)=cosa cosBFsina sinf; Vo, B

d) sin(aa = B) =sina cosPtcosa sinf; Vo, B
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Tu nhitng cong thitc co ban trén, con ¢ cac cong thiic dan xudt khac ma doc gia
c6 thé tu suy ra duogc, ching han:

e) 1+tg20c: > 1+cotg2a: —
cos” a sin” o
f) cos(—o) = cosa; sin(—a) = —sino;
g) sin(n—oc):sinoc; cos(n—oc):—cosoc;
(T T )
h) sm[z — oc] =Ccosa COS[E — oc] =sinao,

Doc gia c6 thé dé dang tim duoc cdc cong thic bién tong thanh tich; bién tich
thanh téng; cac cong thic cho gid tri lugng gidc clia céc géc nhdn doi, chia doi, nhén

- P e X
ba cting nhu cic cong thic tinh sinx; cosx; tgx theo t = tgz.

4. Cdc hé thic lugng gidc dé gidi tam gidc
Goi: a, b, ¢ 1a do dai cac canh cua tam gidc ABC, theo tht tu d6i dién véi cac goc
A, B, C. Goi R 1a ban kinh duong tron ngoai ti€p tam giac; p la nira chu vi tam giac; r la
ban kinh duong tron ndi ti€p tam giac.
Khi do, ta co:
+ Céc dinh ly hinh chiéu:
a = bcosC + ccosB;

b = ccosA + acosC;

¢ = acosB + b cosA.
+ Dinh ly ham s6 sin:

2__ D . ° _og,
sinA  sinB sinC
Dic biét, néu cho A = 90°, a = BC = 2R, thi tir cic dinh ly ndy, ta s& c6 nhiing
cong thiic lién quan giita canh, géc, ban kinh R d€ gidi mot tam gidc vuong.

+ Dinh ly ham s6 cos:

a> =b% +¢? —2bccosA.
Tu dinh 1y nay, c6 thé suy ra dinh Iy Pi-ta-go thudn va ddo:

A=90"<=a’=b*+c%
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1.1.2. Hinh hoc
1.1.2.1. Dién tich hinh phang

1. Tam gidc thuong

S= %aha

VvGi h, - chiéu cao tng v6i canh a.
S= \/P(p —a)(p—b)(p—c) (Cong thicc Hé-rong);

S= l absinC;
2
S=pr.
2. Tu gidc
+ Hinh thang c6 dién tich:
g 2 +b h
2

se

vOi:
a, b - do dai hai day;
h - chiéu cao.

+ Hinh binh hanh c6 dién tich:
S=ah
vOi:
a - chiéu dai day;
h - chiéu cao.
+ Hinh thoi ABCD c6 dién tich:
S= %AC x BD

+ Dién tich mot tit gidc bat ky c6 thé tinh bing cach chia ti gidc thanh hai tam giac.

3. Hinh tron ban kinh R
+ Chu vi:
C= 2nR
+ Dién tich:
S=nR>
Tur cong thic tinh dién tich cha hinh tron va tam gidc, c6 thé suy ra cong thiic tinh
dién tich cac hinh vanh khdn, quat tron, vién phdn.
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1.1.2.2. Dién tich va thé tich bé mat ctia mot s6 khéi co ban
1. Dién tich
+ Dién tich xung quanh cta hinh tru tron xoay:
S, q=Cph
+ Dién tich xung quanh cta hinh nén tron xoay:
Syq = mRI
trong do:
Cp - chu vi day;
h - chiéu cao;
R - ban kinh day;
[ - do dai duong sinh.
+ Mait cau:
S = 4nR’
vGi: R - ban kinh hinh cau.
2. Thé'tich
+ Hinh lang tru:
V=Sh
+ Hinh choép:

1
V=-S,h
3 b
+ Hinh chép cut:
h(B+B'+\/BB')
V=
3
+ Hinh tru tron xoay:
V=S,h
+ Hinh noén:
1
V=-S,h
3 b

+ Hinh nén cut:

) h(B+B‘+@)

V =
3
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+ Hinh cau:

_ 4R’

\Y ~4,1888R*>

s

Vi
Sp - dién tich déy
h - chiéu cao.
B, B’ - dién tich day 16n, day nho.

Ngudi ta con tinh dién tich mat tron xoay va thé tich khéi tron xoay bing dinh [y
Guyn-danh hoac bang tich phan (xem 1.2.4).

1.1.2.3. Hinh giai tich trong mat phang va trong khong gian
1. Phép tinh vecto

a) Vecto trong khong gian dugc xac dinh boi mot bo ba s6 thuc ¢6 tht tu goi 1a ba roa
do ctia vecto d6. Ki hiéu “vecto a” la: a= (a; a,; a,), khi d6, do dai va ba cosin chi

huong cua a dugc tinh theo cac cong thiic:
N 2 2 2,
‘a‘ =,/ay tay +ajy ;
coso = cos(g; &) =

cosB:cos(E; @):a—y; (a§+a§+a§¢0)

COSYy = COS(& &)Z

b) Cac phép tinh vecto

+ Téng (hiéu) hai vecto 12 mot vecto c6 toa do bing tong (hiéu) cdc toa do tuong
tng cua hai vecto do.

+ Tich cua vecto v6i mot sd thuc 1a mot vecto ¢ toa do bang tich sd d6 véi céc toa
do cua vecto da cho.

Cac phép tinh cong, trit, nhan vecto v6i mot s6 néi trén ¢ cac tinh chat giong nhu
cac tinh chat phép cong, trlr, nhan hai so dai so.

+ Tich vo huéng cua hai vecto ab la mot sO xac dinh theo cong thiic:

a.b :‘5‘.‘B‘cos(5;6): ay.by +a,.by +a,.b,
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Tich vo hudng ctia hai vecto ¢6 tinh chat giao hodn, két hop, phdn bo d6i v6i phép
cong. Diéu kién cdn va du dé hai vecto vuoéng géc v6i nhau 1a tich vo hudng clia chiing
bang 0.

Tur cong thic trén, ta ¢ thé tinh géc hop giita hai vecto khdc 0 :

b
o

005(5;5) =
+ Tich c¢6 (hitu) hudng cua hai vecto a; b 1a mot vecto c= [E,B] c6 phuong vuong
gbc véi ca ava B; c6 chiéu sao cho ba vecto (;1; B; 5) lap nén mot bo ba thuan

(Nghia 1, néu ding theo chiéu cla tich c, ta s& nhin thay chiéu quay mot géc
nho nhat tir a sang b 12 nguoc chiéu kim dong ho); con modun ciia tich c6 hidng
dugc x4c dinh theo cong thic:

[5:5] - i s (&:5)

i j k
Nhu vay, [E,B] =lay a, a,
b, by b,

Tich ¢6 hudng cua hai vecto c6 tinh chat két hop, phdn bé d6i v6i phép cong, nhung
khong cé tinh giao hodn. Piéu kién cdn va du dé hai vecto cong tuyén (cung phuong) voi
nhau Ia tich c¢6 hudéng clia ching bang 0-

Mo6 dun cta tich ¢6 huéng hai vecto bang dién tich cua hinh binh hanh 1ap nén
bai hai vecto do, khi ta dua ching vé cing mot goc.

+ Tich hén hop (hén tap) clia ba vecto a; b; ¢ duge ky hiéu 12 D(E; b; E) va bang:

ay ay a,
D(a; b;c)=[a;b]c=[b, b, b,
Cx € ¢

Tri tuyét doi cta tich hén hop D(E; b; E) 6 gid tri bang thé tich ciia mot hinh

hop tao boi ba vecto a; b; ¢, khi ta dua ching vé cing mot goc. Didu kién can va di dé
ba vecto dong phdng (cung song song véi mot mat phiang c6 dinh ndo d6) 1a tich hon
hop cta ching bang 0.
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2. Pudong thdng trong mdt phdng (xOy)

a) Phuong trinh dudng thing A qua diém M, va ¢6 vecto phdp n(A;B)#0 c6 thé
viét theo:
+ Dang vecto:

n.MyM =0 YM(x; y) € A;
+ Dang toa do:
A(x=x)+B(y-y)=0 (A”+B>>0};
+ Dang téng quat:
Ax+By+C=0 (A2 +B? > 0).
b) Phuong trinh dudng thing A qua diém M, va c6 vecto chi phutong u (a;b) # 0 ¢6 thé

viét theo:

+ Dang vecto:
MM =ku V M(x;y) €A, (k € R Ia tham s6);

+ Dang chinh tac:

(x=xo) _ (y=Yo) (az +b2 s 0),
a b ’
Trong dang chinh tic nay, nguoi ta quy udc: khi gap mot phan thic nao ¢6 mau s6 bang 0,
tlt s6 twong ting ciing bang 0 theo. Chang han, phuong trinh:
(x—%Xp) _(Y—Yp)
0 b

biéu dién dudng thang qua diém M, va vuong géc véi Ox, tifc [a: x = x, .

(b=0)

+ Dang tham s6:

{X=X0 + at

(a2 +b%>0: tesmathamso’).
Y=Y + bt

¢) Ap dung cédc dang néu trén, ta c6:
+ Phuong trinh dudng thang qua hai diém M, N phan biét cho truéc c¢6 dang:

XXM _ Y~ ¥Ym

ANTXM YN TYM
+ Phuong trinh dudng thing cho theo doan chan:
L A (m;n * 0)
m n
biéu dién dudng thflng MN vé6i: M(m; 0); N(O; n) 12 hai diém 14n luot nim trén Ox; Oy.
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+ Phuong trinh:

y =KX= Xo) +¥o
biéu dién mot dudng thing qua diém M, va c6 hé s6 géc k = tge (¢ 1a géc hgp boi
dudng thing va chiéu duong Ox).

Dua vao phuong trinh, vecto chi phuong hodc vecto phdp clia hai dudng thing
trong (xQy), ta c6 thé xét vi tri tuong doi va tinh géc giita chiing.
d) Cong thifc tinh khodng cdch tit M, dén duong thang A: Ax + By + C =0 1a:
|Ax + By, +C|

d(My;A) = (4> +B* > 0).

A? + B?

Goi ¢ 14 géc gita hai duong thding ((p < 900), ¢ ¢6 thé xédc dinh theo cac cong

thic sau:
cos P = ‘cos(n_{; g)‘ (khi biét hai vecto phap)
ki -k ,
hoac: tgp = % (khi biét hai hé s6 géc ctia hai dudng théng duoc xét).
T Kk

e) Puong thang: Ax+By +C =0 (A2 +B? > O) chia mat phang toa do 1Am ba phan:

+ Phan I 12 tap hop céc diém (x; y) thuoc duong thang thod man dang thiic:
Ax+By+C=0.
+ Phan II ,III 12 tap hop cédc diém (x; y) lan luot thudc hai nita mat phang, nim hai
phia dudng thang dugc xét. Dua theo chiéu clia vecto phdp (A; B) tuong ting véi
chiéu tang clia (Ax + By +C) ta c6 thé xdc dinh duoc phan ndo clia mat phang

ung vG6i
Ax+By+C<O0,

phan con lai 1a tap hop cédc diém (x; y) thoa man bat dang thiic:
Ax+By+C>0.

3. Cdc duong cong bac hai
a) Pudng tron
Trong hé truc chuin (xOy), phuong trinh:

F(x;y):x2 +y2 +2ax+2by+c=0

biéu dién mot dudng tron tam I(—a; —b), ban kinh R =+a’ +b? —c-Trudng hop

a +b% <, ta c6 duong tron do, con khi a® +b? = ¢, dudng tron thu vé diém L.
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b) Ba dudng co-nic (Elip; Hypecbon; Parabon)
Phuong trinh téng quat 1a:

F(x; y)=Ax2+Bxy+Cy2+DX+Ey+F=O, (A2+B2+C2 >0)

Sau khi dung phép bién doi truc giao dua dang toan phuong (gém ba s6 hang dau
cua F(x;y)) vé dang chinh tic, ta ding mot phép déi bién thich hgp (phép tinh tién hé
truc toa do) dé dua phuong trinh téng quat trén vé mot trong cdc dang sau day:

+ Parabon (P):
2px =y’
trong do: p 1a tham so tiéu;

c6: Truc doi xiing Ox; Pinh O(0; 0); Tiéu diém F(%;Oj; Puong chuén: x = —g-

Theo dinh nghia, (P) 1 tap hop céc diém M(x; y) sao cho MF luon bing khoang
céach tir M dén dudng chuin ctia né. Tdm sai ciia (P) bing 1.

+ Ellip (E)):

X2 y2
—2+—2=1
a

on

trong do: a, b 1a do dai hai ban truc; a > b > 0; Nura tiéu cu: ¢ = Va? —b?

¢6: Hai truc d6i xing: Ox, Oy; 4 dinh: (+a; 0) va (0; +b); 2 tiéu di€ém F 12(£e; 0) € Ox;
2
. c N 2 a X g o . A
Tam sai e =—; Hai dudng chuan: x = +—, mo6i duong chuan tuong tmg véi mot
a c

tieu diém.
Theo dinh nghia, (E,) 1a tap hop céc diém M(x; y):
MF, + MF, = 2a.

+ Ellip (E,):
2 2

X_+y_:1

a’? b2
trong do: a, b 1a do dai hai ban truc; b > a > 0; Nira tiéu cu ¢ = Vb% —a?
¢6: Hai truc doi xiing: Ox, Oy; 4 dinh: (fa; 0) va (0; £b); 2 tieu diém F 12(0;%c) € Oy;
2
Tam sai e = %; Hai dudng chudn:y = +—, mdi dudng chuin tuong ting véi mot
c
tieu diém.
Theo dinh nghia, (E,) 1a tap hop céc diém M(x;y):
MF, + MF, = 2b.
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Néu a = b, (E) c6 tam sai bang 0 va trd thanh dudng tron. Véi ellip thuc, tam sai
luon nam trong khoang (0; 1).

+ Hypecbon (H,):

X2 y2

a’ b’
trong do: a, b 1a do dai hai ban truc; Ntra tiéu cu: ¢ = Va? +b?
c6: Hai truc doi xing: Ox, Oy trong d6 Ox l1a truc thuc, Oy la truc do (Oy
khong c6 diém chung véi (H,)); 2 dinh (ta; 0); 2 tieu diém F ,(tc; 0) € Ox;

a2

. C . N 2 - N 2 P X
Tam sai e =— > 1; Hai duong chuan: x = +—, moi dudng chuan tuong tng véi
a c

mot tiéu diém.
Theo dinh nghia, (H,) 1a tap hop cdc diém M(x;y):
IMF, — MF, | = 2a.

+ Hypecbon (H,):

XZ y2

2 7
a’ b’
trong do: a, b 1a do dai hai ban truc; Nura tiéu cu: ¢ = Va? +b?
c6: Hai truc doi xing: Ox, Oy trong d6 Oy la truc thuc, Ox la truc do (Ox
khong c6 diém chung véi (H,)); 2 dinh (0; £b); 2 tieu diém F ,(0; +c) € Oy;
2
Tam sai e =% > 1; Hai dudng chuin: x = ib— , mbi dudng chuén tuong ting véi
c
mot tieu diém.
Theo dinh nghia, (H,) 1a tap hop cdc diém M(x;y):
IMF, — MF, | =2b.
Hai hypecbon (H,) va (H,) c6 chung hai duong tiém cdn cé phuong trinh:

y = iE x . Nguoi ta goi (H,) va (H,) 1a hai hypecbon lién hop.
a
Néu a = b, (H,) va (H,) 1a hai hypecbon vuong.

+ C6 thé dinh nghia chung ba duong cénic (E; H; P) 1a tap hop céc diém M(x; y)
sao cho ty so giita khoang cdch tir M dén mot di€ém F c¢o dinh (fiéu diém) va
khoang céach tir M dén mot dudng thang c6 dinh A (dwong chudn) luon bing mot
hing s6 e (F va A cling nim trong mat phang xOy va F ¢ A).
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(c)E{M(X; y):%:e}

Khi e = 1, (C) 1a mot parabén; Khi e > 1, (C) 1a mét nhdanh cua hypecbén, con khi
e € (0; 1) thi (C) 1a mot elip.

+ Ngoai cdc trudng hgp da néu, tir phuong trinh téng quat ctia dudng bac hai, ta con
gap mot s6 truong hop suy bién. Pay 1a cdc trudong hop: tap hop cdc diém (x; y)
thod man phuong trinh hoéc réng (dudng cong 40) hoic thu vé mot diém hay hai
dudng thang nim trong cling mot mat phang.

+ Dudng conic c6 thé coi 12 giao clia mot mat nén tron xoay v6i mot mat phang.
Tuy theo vi tri tuong d6i cua chiing ma giao tuyén la elip, hypecbon, parabon hay
hai dudng thang cat nhau.

4. Mat phdng trong khéng gian (Oxyz)
a) Phuong trinh mat phing (o) qua diém M, va c¢6 vecto phdp n (A; B; C) £ 0 c6 thé
viét theo:

+ Dang vecto:

ﬁmzo VM(X ; y; 2) € (au);
+ Dang toa do:

A(X—X0)+B(y—y0)+C(Z—Z0)=0 (A2 +B? +C? >0);
+ Dang t6ng quat:

Ax+By+Cz+D=0 (A2 + B+ (2 >o).

b) Phuong trinh mat phang (o) qua diém M, va c6 hai vecto chi phuong:
a(al;bl;cl) # 6;i(a2;b2;02) £0

(hai vecto nay khong dugc cong tuyén) c6 thé viét theo:
+ Dang vecto:

MgM = ma + ng VYM(x;y; z) € (), (m; n € R 1a hai tham s0);
+ Dang tham s0:
X =X, +ma; +na,
y =yo +mb; +nb, (a12+b12+012>0;a%+b%+c%>0)

z=zy+mec; +nc,  (m;neRIahai thamss).
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+ Dang dinh thiic:

¢) Ap dung céc dang néu trén, ta c6 thé viét:
+ Phuong trinh mdt phdng qua ba diém M, N, P cho truéc, khong thang hang bing
cich chon hodc mot vecto phdp (chang han: n= [W, WJ) hoac hai vecto chi

phuong (chang han: MN va MP) hodc chon dang tdng quat, roi xac dinh cdc hé
s0 A, B, C, D (sai khac mot thira s6 nhan) sao cho toa do ba diém da cho thod man

dang nay.
+ Phuong trinh mdt phdng cho theo doan chdn:
S22 o1 (ming p#0)
m n p

biéu dién mat phing (MNP) vé6i: M(m; 0; 0); N(0; n; 0); P(0; 0; p) 14 ba diém lan
luot ndm trén Ox; Oy;Oz.

Dua vao phuong trinh, hai vecto chi phuong hodc vecto phap clia hai mat phang
trong (Oxyz), ta c6 thé xét vi tri tuong doi va tinh géc gitta ching.

d) Cong thic tinh khodng cdch tit M, dén mat phang (a.):
Ax+By +Cz+D =0 (A2 + B+ (2 >o)

_ |Axq +Byq +Czj +D|

AR

Goi ¢ 1a géc giita hai mdt phdng ((p <90" ) , @ ¢6 thé xéc dinh theo cong thiic:

la: d(My: (@)

cosQ = ‘cos(nl; n, )‘
e) Mat phang:
Ax+By +Cz+D=0 (A2 +B2 +(2 >0)
chia khong gian lam ba phan:
+ Phan I 1a tap hop cdc diém (x; y; z) thuoc mat phing thoa min dang thifc:
Ax+By+Cz+D=0.

+ Phan II, 1T 1a tap hop cdc di€ém (x; y; z) lan lugt thudc hai nira khong gian nam
hai phia mat phang duoc xét. Dua theo chiéu clia vecto phdp (A; B; C) tuong tng
v6i chiéu ting cua (Ax+By+Cz+D) ta c6 thé xdc dinh dugc phan nao cla



CHUONG 1 - TOAN HOC 29

khong gian ting v6i Ax + By +Cz+ D < 0, phén con lai Ia tap hop céc diém (x; y; z)
thoa man bat dang thic: Ax +By +Cz+D > 0.

5. Cac mat bac hai

a) Mat cau

Trong hé truc chuin (Oxyz), phuong trinh:

F(x;y; z)=x2 +y2 +7° +2ax +2by +2cz+d =0,

biéu dién mot mat cdu tam I(—a; —b; —c), ban kinh R = \/ a>+b%+c?—d. Truong hop
a? +b% +¢? < d, ta c6 mdt cdu do, con khi a> +b% + ¢ = d, mat cdu thu vé diém L.
b) Céc mat bac hai ¢6 phuong trinh téng quat

F(x;y;z) = Ax? +By2 +Cz? +Dxy +Eyz+Fzx + Gx + Hy + 1z+ K =0,
trong do, sdu hé s6 clia cic s6 hang bac hai khong thé dong thoi bing 0.

Sau khi dung phép bién doi truc giao dua dang toan phuong (gém sdu s6 hang
ddu cua F(x; y; z)) vé dang chinh téc, ta dung phép déi bién thich hop (tinh ti€n hé truc
toa do) dé dua phuong trinh tong quét trén vé mot trong cac dang sau day:

+ Elipxoit :
2 2 2
X_2+Y_2+Z_2:1 (a, b, ¢ 1a do dai ba ban truc).
a- b ¢
+ Hypecboloit 2 tang:
2 2 2
X_2+Y_2_Z_2 =-1 (Oz 1a truc doi xung).
a~ b” c

+

Hypecboloit 1 tang:

2 2 2
Y .,z

a> b>

+ Mat n6n bac hai:

(Oy Ia truc doi xtng).

X2 Y - Z—2 =0  (Ozlatruc d6i xtng).
a® b” ¢
+ Paraboloit elliptic:
2 2
Xy
— +—==2pz.
a’? b’
+ Paraboloit hypecboloit (Mat yén ngua):
2 2
LI S 2pz.

a> b’
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+ Mat tru elliptic:
) y2
St 5= 1 (cac duong sinh song song vdi truc doi xing Oz).
a~ b

+ Mat tru hypecbdlic:

Y 4y
a’ b’
+ Mat tru parabolic:
2
X
— =2py.
a2

Ngoai cdc truong hop da néu, tir phuong trinh tong quédt ctia mét bac hai, ta con
gap mot s6 truong hop suy bién. Pay 1a cdc trudng hop: tap hop céc diém (x; y; z) thoa
min phuong trinh hodc réng (miat cong 40) hodc thu vé mot diém hodc hai mat phang
cat nhau, song song hay tring nhau.

1.2. TOAN CAO CAP
1.2.1. Dai s tuyén tinh
1.2.1.1. Pinh thic
1. Dinh thizc cép hai, cép ba
a) Dinh nghia
+ Dinh thitc cdp hai 1a mot s0, ki hiéu:

app |
=agdyy —appdsg-

a1 axp
+ Dinh thitc cdp ba la mot so, ki hiéu:
app A 3
D=lay; ap a;
431 a3 433
=ajapaz tapay g a3 85 —a38,a85 —Apdy; A3 — Ag; Ay ag,
+ Quy tdc Sarius dé tinh dinh thic D thé hién qua cdc bang sau:
Bang chit nhat
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Cac bang tam giac

. » .
. . .

()

Ta con c6 thé tinh D bing céch khai trién né theo mot hang hodc mot cot, chang han:

ap . A3

D= _ ayrann
= (221 Ay Ap3| = Ay

a7p dp3 a731423

d3p d33 a31 433 a3 a3

a31 dzp ds3

=ap A +tapAp tapigs,

(Ayj duoc goi 1a phdn phy dai s ciia aj).

b) Tinh chat cta dinh thic
+ Dinh thic khong thay doi gid tri khi ta:
- d6i hang thanh cot, cot thanh hang (Phép chuyén vi);
- nhan mot hang (cot) véi mot s6 khac khong, rdi cong tuong ting vao cic s6
(phan tr) cua mot hang (cot) khac;
- dua thlra s6 chung cua ting hang (cot) ra ngoai dau dinh thic.
+ Dinh thic s& doi ddu khi ta:
- dai cho hai hang (cot);
- d6i dau mot hang (cot).
+ Dinh thic s& bang khong néu cé:
- hai hang (co0t) giong nhau;

- mot hang(cot) bang 16 hop tuyén tinh cha mot s6 hang (cot) khéc.

2. Dinh thitc cdp n
a) Dinh nghia:

Dinh thic cap n 1a mot so, ki hiéu:
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an ap
a1 dap
= |a31 asp
anl an2

3.13
323

a33 cee

a3 ...

k
= Z(—l) aljl a.2j2... anjn

12 tong cua (n!) tich n phéan tr ndm trén nhitng hang va cot khdc nhau cta dinh thic,
v6i ddu tuy thudoc vao k la s6” cdc nghich thé ctia hodn vi n sO tu nhién dau tién
Gt J» Ja» -» Jo)- Pay 12 day cdc chi s& cot chia n phan ti, sau k 1an déi chd 1an luot hai
trong n chi s6 cOt nay, ta s c6 day n s tu nhién dau tién (1, 2, 3, ..., n).

b) Dua vao céc tinh chat cua dinh thic cip n (gidong nhu cac tinh chat da néu véi cac dinh
thiic cap hai, cép ba) cling nhu cdc céch khai trién theo mot hang hay mot cot, ta cé
thé tinh céc dinh thitc c4p n. Ching han, néu khai trién theo hang hay cot dau tién:

all a12 cee al

n

321 322 azn

=a, A +a,A,+...+a,A,=

=a, A+, A, +..+a, A,

Trong cong thiic trén, Ay (i=1,2,..,n;j=1,2, .., n)laphdn phy dai s6 cla
phén tir a; ciia dinh thic. D6 1 tich ctia s6 (~1)"" va dinh thic cdp (n — 1) suy tit dinh

thitc cdp n da cho bang cach bo di hang va cot chiia phan tir a;.

3. Dung dinh thicc dé giai hé phuong trinh tuyén tinh
Cho h¢ n phuong trinh tuyén tinh n dn (n e N):

trong d6 b; va a;; i=1,2,..,n;j=1,2,..,n)lacac hé so da bit va X G=12,..

a,X; ta,,X, +...+a,, X, =b

:b2

n

12 cdc 4n so phai tim. Dé tim nghiém cua hé, diu tién, ta tinh cdc dinh thic:

all a12 cee a.l

(A

duoc goi la dinh thitc cua hé);
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by ap .. ap, aj; by..ap, ajp ajp... by
A= by ay; ... ag,| A ay by..ag,| A= 4y 4y ... by

1~ N 2 = 5 cee o n —
bn ano ann an bn"' Ann app App - bn

(Pinh thic A; chi khac dinh thitc A & cot thit j 1a cot cac hé s6 tu do b;). Sau do, ta ap
dung céc qui tdc:
+ Néu A # 0 thi hé phuong trinh (thudong dugc goi 1a hé Cramer) ¢é nghiém duy nhdt:
A A A
X, = —L;x,= —%;..;x,= =

A A A
+ Neéu A =0 va mot trong cac A;#0(=1,2,...,n) thi hé phuong trinh vo nghiém.

+ Néu A=A; =0 Vj va trong dinh thitc A ciia h¢ cé it nhat mot phdn tir khdc 0,
thi hé phuong trinh vo dinh (c6 vo s6 nghiém). Trong trudng hop tat ca cic phan
tlr trong dinh thiic A ciia hé déu bang 0, cic hé thuc: A = A; =0 Vj ching to
rang hé sé ¢é vo so nghiém hodc vo nghiém, tiy theo cdc hé s6 b; da cho.

Cac truong hop hé tuong thich (c6 it nhat mot nghiém), xdc dinh (c6 duy nhat
nghiém), vé dinh hodc vé nghiém duoc suy tur dinh ly Cronécke-Capeli (xem muc
1.2.1.2 diém 5).
1.2.1.2. Ma tran
1. Cdac dinh nghia

+ Ma trdn cdp (hodc kiéu) m x n 1a mot bang chit nhat gdm m x n s6 (duoc goi 1a cic

phdn fir cha ma tran) a; (i=1,2,..,m;j=1,2,..,n) sap xép thanh m hang va n
cot. Ky hiéu gon: A = (aij) hoac ky hiéu dy di 1a:
m,n
a5 a4 A3 apy
A= a1 dpp ax arn
Anmt Am2 Ap3 Amn

+ Ma tran cép n x n, dugc goi 1a ma trdn vuong cdp n.
+ Cacphantlra;(i=1, 2, ..., n) lapnén duong chéo chinh cia ma tran.
+ Ma tran vuong véi:
1 khi i=j
a3 = .
0 khi 1#]

dugc goi 1a ma trdn don vi cdp n, ki hieu E,.
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0 0 .. O

0O 1 0 .. 0

E, =
0O 0 0 ... 1 (nxn)

+ Ma tran chi gobm mot cOt goi 1a ma trdn cot hay vecto cot:

X

— X

X=|"?
Xm

+ Ma tran chi gobm mot hang goi 1a ma trdn hang hay vecto hang:
Y=[Y1 V) ---Yn]
+ Ma trdn khong, ky hiéu @, 1a ma tran c6 cac phan tir déu bang khong
0 0 0 .. O
0 0 0 .. O
Q=
0 0 0 .. 10 (mxn)
+ Ma trén chuyén vi cia mot ma tran A, ky hiéu la AT (hay A®; A'"), dugc suy tir A
bang cdch doi cot thanh hang, hang thanh cot:

app Ay Aazp .. Ay

a a a .. a
AT =| M2 322 432 m2

A Ay A3y e Ay

+ Hai ma trén A = (a;) va B = (b;), cing cép duoc goi 1a bang nhau néu a;; = by, vOi
moi iva j. Ky hiéu: A =B.

2. Cdc phép tinh vé ma trin
a) Cong hai ma tran cing cap

Cho A = (ajj),, va B = (bj), .- Ma tran C dugc goi la tong hai ma tran A va B
< A+B=C véi:

C = (Cipmn = @ + D) p-

Phép cong ctia ma tran ciing cap c6 cac tinh chat: giao hodn, két hop.

Phuong trinh A + X = B, trong d6 A va B 1a hai ma tran cung cap da biét bao gio
cling ¢6 nghiem: X = (X;j)y 5 = (bjj @), =B—A (Ma tran X dugc goi la hiéu cua
BvaA).
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b) Nhan ma tran véi mot s6

m.n Vamot sd A € R nao do, khi do:

AA = () ay )m,n

Cdc tinh chdt cta phép nhan ma tran véi mot so:

1y
2)
3)
4)

5)

AA = AN

AWA = MpA) = W(AA);
MA + B) =LA + AB;

(A + WA =LA + pA;
pal=2" A

(tinh chat 5 chi duogc ap dung cho ma trdn vuong cip n).

¢) Nhan hai ma tran

Cho A =(ay)

va B= (bij ) c6 s cot cia ma tran thit nhat bang s6 hang cla

m,n n,p

ma tran tha hai (Khi doé, ta goi A va B 1a hai ma trdn nhdn duoc). Tich hai ma tran dé sé
1a mot ma tran duoc xac dinh nhu sau:

n
Cij = ajbyj +apby; +-+a by = Zaikbkj
k=1

Cdc tinh chdt cua phép nhan hai ma tran:

1) Khong giao hodn, tuc 1a néi chung:

AB # BA;

2) Két hop (d6i véi phép nhan véi mot s6):

MAB) = (LA)B

vGi A 1a mot so thuc bat ky;

3) Két hop (do6i véi phép nhan gitta cac ma tran nhdn duoc):

(AB)C = A(BC) = ABC ;

4) Phan phoi doi véi cac phép cong trr hai ma tran:

(A +B)C=AC= BC;
C(A + B) = CA + CB;
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5) AE = A;
EB =B,
vGi: A, B, E 1a cdc ma tran vudng cung cap;
E 1a ma tran don vi;
(Tinh chét 5 con c6 thé m& rong v6i A va B khong phai 12 ma tran vuong, con E 1a ma
tran vuodng don vi, nhan dugc bén trdi véi A (hoac bén phai véi B)).
6) (AB)® =B°A°
(Chuyén vi cia mot tich hai ma tran nhan dugc bang tich cdc chuyén vi clia hai ma tran
ay tinh theo thir tu nguoc lai).
Chii y: T AB = @ n6i chung khong suy ra A = @ hoac B = @ dugc. Tir AB = AC
no6i chung khong suy ra B = C duoc.

3. Ma trén nghich ddo
a) Dinh nghia
Cho ma tran vuong cép n: A = (), ,- Néu ton tai mot ma tran vuong X cap n, sao
cho: AX = XA =E (ma tran don vi cap n) thi X dugc goi l1a ma trdn nghich ddo chia ma
tran A, ki hi¢u
X=A"
Ma tran nghich ddo clia ma tran A t6n tai khi va chi khi |A|= 0, khi d6 ta néi

A 1a ma tran vuong khong suy bién.

b) Céng thiic tim ma trdn nghich ddo cua A
Al LAY

Al
trong dé A’ duoc goi 1a ma trdn phu hop cua ma tran A:

Al Ay Az o Ag
Aln A2n A3n Ann
1ap nén tir cdc phan tr A;; (phan phy dai s6 tuong tng cta a;; trong A) va phép chuyén

LNk c

Vl. A = (AIJ )n’n .

Trong tinh todn thuc hanh, dé tim ma tran nghich ddo cta A, ngudi ta dung céc

phép bién doi so cdp sau day dé dua ma tran (A|E) (cap n x 2n) thanh ma tran (E‘Af1 ) :
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1) D6i chd hai hang hoac hai cot;

2) Nhan cac phan tlr chia mot hang (cot) véi mot s6 khac 0;

3) Cong vao cdc phan tr cia mot hang (cot) cdc phan tir tuong ing ctia mot hang
(cot) khac sau khi da nhan véi mot s6 nao do.
Doi khi, ta con c6 thé gidi nguioc hé phuong trinh dai so tuyén tinh:

AX=Y
dé c6 Al =X,
sau do6 suy ra Al

c¢) Tinh chat cia ma tran nghich dao:

1) (A’l )1 — A VA khong suy bién
D (Tl
3) (AB) =B7!A™

4. Hang cua ma trin
a) Dinh nghia

Cap cao nhat cua tir thitc (dinh thitc con) khac khong ciia mot ma tran duoc goi la
hang cua ma tran d6. Ki hiéu r(A) hodc rank(A). Ma tran @ c6 r(Q) = 0. (Pinh thiic con
cap k (0 <k< min(m;n)) clia mot ma tran A 12 dinh thic 1ap nén tir cic phan tit

nam tai giao cuia k hang va k cot bat ki ctia ma tran).

b) Cac phuong phép tinh r(A)
+ Phuong phédp I
Néu A # @, ta xét céc tir thic tir cAp thap lén cap cao theo nguyén tic 1a: Khi gap

mot dinh thic con D cdp k nao d6 khac khong, ta can tinh dén cac dinh thitc con cép
(k + 1) chita D, néu céc dinh thitc nay déu bang 0 thi r(A) = k.
+ Phuong phap II

Dung céc phép bién doi so cdp trinh bay ¢ muc 1.2.1.2 diém 3 ¢6 thé dua mot ma
tran bat ky vé dang tam gidc hodc dang hinh thang (v6i cic phan tir nAm ngoai tam
gidc hodc hinh thang d6 déu bang 0) ma van gilt nguyén hang clia ma tran d6. Véi céac
dang nay, so' phdn ti khdc 0 nam trén dudng chéo chinh s& biang hang ctia ma tran.
5. Dung ma trgn gidi hé phuwong trinh dai s6 tuyén tinh
a) Trudng hop s6 phuong trinh bing sd 4n

Ta c6 thé viét hé n phuong trinh, n 4n s6 dudi dang ma tran:

AX =B.
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Né€u dinh thic ctia hé (ciing 1a dinh thic ciia ma tran A) khac O (hé Cramer) thi
ma tran A ¢6 ma tran nghich dao va vecto nghiém cta hé s€ la:
X=A"B.
b) Trudng hop hé m phuong trinh n 4n s6 v6i m, n bat ki
Xét hé:
a;(X; +a;pX, +..ta, X, =b;
ay|X; +ay Xy +...+ a8y, X, = by

)

amlxl +am2X2 +...+amnxn =0y

véi ma tran A = (@ij)m,n va ma trdn mo rong K(A| B) (c6 m hang va n+1 cot).
Dinh ly Cronécke-Capeli:
Hé (*) c¢6 nghiém khi va chi khi:
r(A) = r(K) .
Khi d6:
+ Néu
r(A) = r(K) =n (s0 4n cua hé)
thi hé (*) 1a xdc dinh (c¢6 nghiém duy nhdt);
+ Néu
r(A) = r(K) <n
thi hé (*) 1a v dinh (c6 vo s6 nghiém).
Vé6i hé vo dinh, dat r=r1(A) = r(K) < n, ta s€ chon ra moét dinh thiic con khéc 0,
cap 1 clia A, tir d6 chon ra r 4n s6 twong ung (goi 1a dn (bién) co sd). Cac &n con lai s&
12 dn (bién) tw do. Biang cach gan cho cdc an tu do nhitng bo gid tri tuy y, 161 giai he
r phuong trinh vé6i r 4n co s& di chon, ta s& nhan dugc mot nghiém cua hé da cho.
S6 nghiém tré nén vo dinh vi ¢6 vo s6 cach gan nhitng gid tri tuy ¥ cho céc 4n tu do.

Tur dinh 1y Cronécke-Capeli, trong trudng hop m = n, c6 thé suy ra cdc két luan vé
s0 nghiém ctia hé nhu da trinh bay ¢ muc 1.2.1.1 diém 3.

¢) Phuong phdp loai ddn dn s¢’ do Gauss dua ra dé giai hé phuong trinh dai s6 tuyén
tinh. Co s& ctia phuong phdp ndy 1a ding cic phép bién déi tuong duong dwa ma tran
mo rong cua hé vé dang tam gidc hodc dang hinh thang. D6i v6i hé mdéi, viéc tim 1an
luot céc gid tri clia 4n s6 s& dé dang hon rat nhiéu, nhat 1a khi ta sit dung mdy tinh.
DPay 1a mot phuong phap giai ding va hiéu qua, nhung d6i véi cac hé phiic tap, ta chi
nhan dugc két qua gan ding do phai lam tron s6.
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1.2.2. Ham s6
1.2.2.1. Mién xéc dinh va mién gia tri cia mot ham so
Néu tng v6i mot diém M(xy; X5; ...; X,) € Q = R", ta ¢6 quy luat f d€ xdc dinh
n@tgéuimmau=fmmtmmanaljmjmmcﬁanbwhafg(i:iﬁ)gzmmmgmla
mién xdc dinh (hay tdp xdc dinh) ctia ham U. Tap tat ca céc gia tri U ¢6 dugc, ting véi
moi diém M thudc mién xdc dinh dugc goi 1a mién gid tri (hay tdp gid tri) cua ham s6.
Dic biét, khi n = 1, ta ¢c6 ham mot bién. Mién xac dinh va mién gi tri cia ham
mot bién 1a nhitng tap con, nam trong (hodc triim khap) tap s6 thuc R.
1.2.2.2. Ham so cap

1. Ham so cdp co bdn 1a cac ham liy thita, mi, logarit, ham luong gidc, luong gidc
nguoc va cac ham hypecbolic (ctia mdt bién x): shx, chx, thx, cothx.

a) Ham liy thua c6 dang:
y =x"
vGi o 1a mot hing s6 thuc nao do.
b) Ham mii c6 dang:
y=a
voi 0 <a #1 1a co so hing s6 nao do.
¢) Ham logarit:
y =log, x
vGi 0 <a#1 1a co s6 hing s6. Day 1a ham nguoc clia ham mil ¢6 cung co s
d) Ham lugng giic:
y =sinX; y =C0sX; y =1tgx; y = cotgx.
e) Ham lugng gidc nguoc:
y = arcsinX; y = arccosx; Yy = arctgx; y = arccot gx.

f) Ham hypecbolic 1a tén goi chung cho cac ham s sau:

et —e*
1) y =shx = — (Poc 1a sin-hypecbon cua x).
et +e .
2) y =chx = 5 (Poc la cosin-hypecbon cua x).
X —X
3) y =thx = © "¢ _ shx (Poc 1a tang-hypecbon cua x).

e +e* chx
X —X h
4) y =cothx = ¢ te _ox (Poc 1a cotang-hypecbon cua x).
eX _e7X shx




40 SO TAY KTTL * PHAN 1 - CO SO KY THUAT THUY LOI * TAP 1

Doc gia c6 thé tim dugc mién xdc dinh, mién gid tri, d6 thi cia mdi ham s6 ké
trén va cac tinh chat cua ching trong cac sach gido khoa.
2. Ham so cdp 1a ham (mot hodc nhiéu bién) cho bsi mot biéu thic giai tich duy nhat.
(Biéu thiic gidi tich 1a mot biéu thitc bao gdm mot s6 hitu han cac phép tinh sd hoc,
phép tinh ham hop d6i v6i cdc ham so cdp co ban va hang so).

1.2.2.3. Gi6i han va su lién tuc ciia ham s6
1. Giéi han ham sé

Ham U = f(M) dugc goi 1a ¢6 gidi han L trong qud trinh M — M, néu va chi néu:
Ve >0, nho tuy y cho trudc, ta luon tim dugc mot s6 6 = d(e; M,) (tic 1a & phu thuodc
vao & va M,) sao cho khi M roi vao 8-lan can ctia diém M, thi gid tri f(M) s& roi vao
e-lan can cua L.

DPinh nghia giéi han ham s6 theo ngon ngit &; § nhu trén c6 thé viet mot cich
ngan gon nhu sau:

lim f(M)=L < {Ve>0 35=58(&M;):0< MM, <3=|f(M)-L|<g}.
M—M,
V6i ham mot bién, ta co:
lim f(x)=L< {Ve>0 38 =5(gx):0<[x—xo| <8 =|f(x)~L| <&}
X—)XO
va trong qué trinh x — oo
lim f(x)=L < {Ve>0 3N =N(g):|x|> N=|f(x)-L| <&}

X—>0
2. Ham lién tuc
a) Ham U = f(M) duoc goi la lién tuc tai M,
< lim f(M)=f(M,)< lim Af= lim |[f(M)-f(M,)|=0.
M-M, ( ) ( O) M-M, M—>M0|: ( ) ( 0 )]

Theo dinh nghia nay, ham f(M) phai xac dinh tai M, va tai lan can M,; M, phai la
mot diém tu trong mién xac dinh cia ham s6; trong qud trinh M — M, gi6i han ctia ham
s0 phai ton tai va hon nita giGi han nay phai bang f(M,).

Néu mot trong cac diéu kién cdn néu trén khong thoa man, ham f(M) bi gidn doan
tai M,

b) Bé phan loai diém gidn doan ctia ham mot bién, ngudi ta chia cic diém gidn doan
lam hai loai:

+ Néu tai diém x, ton tai gidi han bén phdi lim f (x) (trong qua trinh x — X,
x—>Xxy+0

thi X > X)) va gi6i han bén trai  lim f (X) (trong qua trinh x — X, thi x <Xx;)
x—>Xg—0

thi x, dugc goi 1a diém gidn doan logi I. Hieu lim f(x)— lim f(x)= A duoc
X=Xy +0 x—>x—0
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goi 1a budc nhdy cia ham so tai x,. Dac biét, néu budc nhay A = 0, thi x, dugc
goi 1a diém gidn doan bé duoc.
+ Diém gian doan khong thudc loai I s& duoc goi 1a diém gidn doan loai II. V6i loai
diém gidn doan ndy, ham s6 ¢6 budc nhdy vo han khi qua diém x,,.
¢) Lién tuc déu
Theo cédc dinh nghia trén, ham U = f(M) dugc goi 1a lién tuc tai M, tic la:

Iim f(M)=f(M
Jim £(M) = (M)

& {Ve>0 35=5(s:M): 0 < MM, <8 =|f(M)—f(M,)| < g}
Néu 38 = 8(¢) (chi phu thuoc €) chung cho moi diém M, thuoc mot mién Q nao
d6 thi ta n6i ham f(M) lién tuc déu trén Q.
d) Tinh lién tuc ctia ham so cap

Ham so cap U = f(M) lién tuc tai moi di€m M, thudc mién xdc dinh cua né.

1.2.3. Phép tinh vi phan
1.2.3.1. Dao ham va vi phan cua ham mot bién
1. Dao ham cua ham mét bién
a) Dinh nghia
Pao ham tai mot diém x cha ham y = f(x) 12 gidi han (n€u c6) cha ty so giita sO
gia ham s0 (tuong tng véi sO gia doi s0) va so gia d6i so, khi s6 gia d6i so ti€n dén O:
f(x+Ax)—-f(x
hm =7 _ ( ) ( ):yv(x)
Ax—>0AX  Ax—0 AX

b) Y nghia hinh hoc ctia dao ham

Gid tri y'(x) bang hé so" goc ciia tiép tuyén cua do thi ham s6 (C): y = f(x) tai diém
M(x; f(x)) trén (C).
¢) Y nghia co hoc ctia dao ham

Gi4 tri y'(x) bing téc do bién thién cla y theo x tai diém x. Néu xét mot chuyén
dong thang, c6 phuong trinh chuyén dong s = s(t), thi s'(t) cho ta téc do titc thoi v(t) clia
chat diém tai thoi diém t, con v'(t) (ttc 1a s"(t)) s& cho gia toc titc thoi.
2. Vi phén ciia ham mét bién
a) Dinh nghia:

Néu tai di€ém x, s6 gia ham so6 c6 thé biéu dién du6i dang Ay = AAX + 0(Ax)
trong do: A 1a hé s6 chi phu thudc x (khong phu thudc s6 gia doi s6) con 0(Ax) la mot

oo 0A
vo cung bé bdc cao hon Axtrong qud trinh Ax — 0 (nghia la lim (AX)
Ax—0 X

=0), thi ta
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néi: ham y = f(x) khd vi tai x; dai luong AAX (phdn chinh ciia s6” gia ham s6) dugc goi
14 vi phdn (cdp mot) cia ham so, ki hiéu 1a dy hay df tai x.
b) D6i v6i ham mot bién, khd vi tai x tuong duong véi co dao ham tai x va
dy = f'(x)dx = f'(x) Ax
Truong hop x 1a mot ham cua bién khac, cong thic dy = f'(x)dx van con ding,
ngudi ta néi d6 1a tinh bdt bién ciia cong thitc vi phdn. (Chi y: cong thic dy = f'(x) Ax
chi ding cho trudng hop x 1a bién s6 doc ldp. Khi x = x(t) thi Ax =dx + 0(At) # dx ).

c¢) Cong thic gan ding nho vi phan cap mot
Néu f'(x) khong triét tiéu thi Ay ~ dy hay 1a f(x +Ax) = f(x)+f'(x)Ax

3) Cdc céng thitc co bdan vé dao ham ham mét bién (Chi y t6i mién xdc dinh cla
moi cong thic, khong dugc viét ra & day)

1) (0)'=0(C=const) 13) (tgx)'= = (1 + tg2X)
cos” x
2) (uxv)=u=zvVv 14) (cotgx)' = —— = —(1+c0tg2x)
sin” x
. sin
3) (' =uv+uy 15) (secx) = ——
cos” X
' vV_uv , COSX
4) (Ej _uv-uv (v # 0) 16) (cosecx) = —— 5
% v2 sin” x
. 1
5 y=fu,u=ux)= y,=f,u, 17 (aresinx) = —
—X
6) (x“ ) — o x®! 18) (arccosx) = — !
1-x>
' 1
7) (ax) =a*Ina (0<a=]l) 19) (arctgx)' = o
' u' 1
8) \E =— 20) (arccotgx)' = —
( ) 2Ju 1+x2
|
9) (In]x|) = = 21) (shx)'=chx
X
' 1
10) (log, [x|) = 22) (chx)' = shx
xIna
11) (sinx)' = cosx 23) (thx)'= =1-th’x
ch"x
12) (cosx)' = — sinx 24) (cothx) = ———=1-coth’ x

sh”x
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4. Dao ham va vi phén cép cao ciia ham mét bién
a) Dinh nghia

Xét ham y = f(x) xac dinh trén tap X R, gia sit ham nay c6 dao ham y' = f'(x)
va vi phan cap mot dy = f(x)dx tai moi x « X; < X = R, thi ta ¢ thé tinh dao ham
cta y' trén tap X,. Ta ¢6 (y)' = y"(x) 1a dao ham cdp hai va d’y = f"(x)dx* 1a vi phdn
cdp hai cta 'y = f(x).

Néutaimoi xc X, ;| c X, c..c X; € X <R, ham dugc xét c6 dao ham téi
cép (n —1), ta c6 thé tinh dao ham c4p n (n nguyén,n > 1) 1a: y™ = [y(n_l)} , ciing nhu
vi phan cdp n ciia ham da cho: d"y = y™dx" (Ki hiéu dx" 1a (dx)" viét tat).

b) Pao ham va vi phan cdp cao ctia mot s6 ham quen thudc

y=sinx; y™ = sin(x + ng]; d"y = yWdx";

y=cosx; y"™ =cos|x+ ngj; d"y = yMdx";

_ ax+b; y(n) =(_1)n71 n!Cn,1 ad —bc .
cx+d (cx + d)r1+1
c) Cong thuc Taylo (Taylor)

Gia stir ham s6 y = f(x) ¢6 dao ham dén cap n + 1 tai moi x thudc lan can diém x,,.
Khi do, ta c6 cong thiic Taylo:

f'(x0) £"(xo)

f(X)=f(X0)+ T (X—X0)+ Y (X—X0)2+ ...... +
(n)
f n
+#(X_XO) +R, (x)
trong d6: phan du thi n:
(n+1) _
R, (x) = - [xo +Olx XO)](X_XO)““, (0<6<1).

(n+1)!

Tir cong thic Taylo, néu chi giit lai hai s6 hang:
f(X) =f(XO)+f' [XO +9(X—XO)](X—XO)

ta s€ duoc cong thiic s6 gia gioi ndi cua Lagrange.
d) Cong thitc Mac-16-ranh (Marlaurin)

Gia str ham s6 y = f(x) ¢6 dao ham dén cép n+1 tai moi x thuoc lan can diém 0.
Khi dé, véi x, =0, cong thic Taylo trg thanh cong thic Mac-16-ranh:
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' " (n)
f(x):f(0)+mx+wx2+ ...... +mxn+Rn(x),
1! 2! n !
trong d6, phan du thd n:
f(n+1) (Gx)

R, (x)= x"™ (0<0<1).

(n+1)!

Ngudi ta dung céc cong thic Taylo vd Mac-1o-ranh d€ tinh gdn ding gid tri ham
f(x) tai lan can x,,.

1.2.3.2. Dao ham va vi phan cua ham n-bién
1. Dao ham riéng cua ham n-bién

u=f(M) v6i M(X{;X5;...;X,) € Q = R".
a) Dinh nghia

Dao ham riéng theo doi s6 x, tai mot diém M ctia ham u = f(M) 12 gi6i han
(néu co) cha ty s gilta 5O gia riéng ctia ham s6 (tuong tng voi s6 gia doi s6 x,) va s6
gia dai so, khi so gia doi so ti€n dén 0.

' f(Xl;"';kal;Xk + AXy 3 X4 ...;Xn)—f(xl;...;kal;xk;xkﬂ;...;xn)
= lim =
Ax—0 AXy

T

= uXk

- OXy
b) Y nghia hinh hoc ciia dao ham riéng:

J -2 z BN . 7 sz . au S s s, 2
bé don gian, ta xét truong hop n = 2. Khi d6 gid tri ——| bang hé so goc cua
Xk
M

tiép tuyén tai diém M cia giao tuyén giita hai mat c¢6 phuong trinh: u = u(Xl; X2) va
X, =const v6i k =1v 2 trong khong gian ba chicu R

¢) Y nghia co hoc cia dao ham riéng:

... . Ou . . o e R,
Gid trt —| bang toc do bién thién cua u theo x, tai diem M.
X
kim

2. Vi phan cua ham n-bién
a) Dinh nghia

Néu tai diém M, s6' gia toan phdn ctia ham s6 u = f(M) ¢6 thé biéu dién dudi dang:
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Au = A|AX] + AyAXy + ..o+ A Axy +...+ A Ax, +0(Ap)

trong d6: A, (k = 1; 2; ...; n) 1a cac hé s6 chi phu thuoc M (khong phu thudc s6 gia cac
n
doi s6) con 0(Ap) 12 mot vo cing bé bdc cao hon Ap =, | (Ax; )2 trong qud trinh

i=1

n
Ap — 0, thi ta n6i: ham u = f(M) khd vi tai M; du = ZAiAxi (phdn chinh cua s gia
i=1
ham s6) duoc goi 1a vi phdn (cdp mor) cua ham s, ki hiéu 1a du hay df. Tur dinh nghia,
c6 thé tinh dugc:

A=
OX; M
b) Chu y
Dai v6i ham nhiéu bién, kha vi tai M ¢6 nghia 1a ham ¢6 cdc dao ham riéng theo
cac bién tai M, nhung c6 cdc dao ham riéng chua di dé ham kha vi. Ngudi ta chiing
minh rdng: Néu ham nhiéu bién ¢6 cdc dao ham riéng /ién tuc tai M thi ham d6 kha vi
tai M.

c¢) Cong thic gin ding nho vi phan cdp mot:
Néu du khac 0 (cdc dao ham riéng khong dong thoi triét tiéu) thi:

Au ~ du

n
hay la: f(M)zf(M0)+Za—u Ax;
i=1 0% M,

3. Pao ham va vi phén cdp cao cua ham n-bién

a) V6i ham n-bién: u = f(M) ¢6 n dao ham riéng cadp mot trén mot mién nao do6 trong
khong gian n-chiéu, ta c6 thé tinh cdc dao ham riéng theo méi bién clia cdc dao ham
2
o‘u .. ~ 2
(1;] = l,n). S€ co
OX;

riéng cap mot dé va sé dugc cic dao ham riéng cdp hai:

tat cd n* dao ham riéng cap hai, trong s6 d6 c6 n dao ham vuéng (i = j) van(n — 1)
dao ham riéng chit nhdt (i # j). Tuong tu, ta c6 thé dinh nghia céc dao ham riéng cép
k=3;4;5; ..
Dinh ly Svac:
Néu ham duoc xét lién tuc ciung cdc dao ham riéng ciia n6 thi dao ham riéng cap
cao theo cac bién s€ khong phu thudc vao thir tu 1y dao ham. (Khi do, s6 cac dao ham
riéng phai tim s& giam di ddng ké).
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b) Viéc tinh vi phdn cdp cao cha ham nhiéu bién phiic tap hon nhi€u so véi ham mot
bién. D€ don gidn, ta chi xét truong hop n-bién doc ldp va ¢ cdc cong thiic sau day:

2
d*u = (AXl 8i+AX2 i+...+Axn ij u

X4 0X, 0X,,

k
d®u = (Ax1 8i +Ax, i+ ot AX i] u.

X1 ) ()&

Cic cong thifc trén duoc viét theo quy wdc dé dé nhé, chang han v6i ham hai bién:

u=1(x;y),
2 2 2 2
ta co: d2u=(AX)28—121+2AXAy Ou +(Ay)2@= AX£+A}/£ u
Ox Ox0y oy> Ox oy
&u 2 3u o’u 3 0%u
du=(ax) 2 +3(Ax) A +3Ax (A +(ay) 2
(Ax)"—5 +3(4x) Y oy (Ay) P (Ay) oy
S
—| Ax— + Ay —
[ X X+ y@yj u
c) Cong thiic Taylo cho ham n-bién
_ 1 Ik 1 ktle(Wr
£(M) = (Mg )+ df (M) +....+-—d f(MO)+(k+1)!d £(M),

trong do, M 12 mot diém nim trong 1an can M, va cé “khoang cach” dén M, nhé hon
M, M. Khi chon M, tring véi gdoc toa do O cta khong gian n-chiéu, cong thiic Taylo trd
thanh céng thitc Mac-16- ranh.
4. Pao ham ctia ham s6 hop va ham dn
a) Pao ham ham hop
+ Néuu=1f(x,y, z) v6i x = x(t), y = y(t), z = z(t) thi u s€ 1a ham hop d6i véi t:
du_ofdx ofdy o dz
dt oxdt oOydt ozdt
+ Néu u=f(x,y,z) véi z=z(x;y) thiu séla ham hop doi vdi hai bién x, y:

a_al e
ox OXx (y:z=const) oz ox’
a_al wa
dy 0y (x;z=const) 0z Oy
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+ Néu u=f(x;y) véi y = y(x) thi u s€ 1a ham hop doi vdi x:
du Ou Ouoy
dx  ox  dyox
b) Pao haim ham 4n
+ Néu trong hé thitc: F(x, y) = 0 ¢6 chita ham dn y = y(x), thi:
F o
d F ,
Yx = di g;=—€ (Fy;to)
oy

+ Néu trong hé thitc: F(x, y, z) = 0 ¢6 chita ham dn z = z(x, y), thi:

z, = g = _E = —F—,Z
0z
+ Néu trong hai hé thiic:
F(x;y; 3wy v) =
{G(X; Y: Z; U5 V) =
c6 chita hai ham dn u(x; y; z) va v(x; y; z) thi véi diéu kién cac mdu thiic khdc 0:
D(F; G) D(F; G) D(F; G)
D(x; V) \ D(y; V) \ D(z V)
U =———% U =-——— U, =
D(F; G) ¥ D(F: G) D(F; G)
D(u v) D(u V) D(u V)
D(F; G) D(F; G) D(F G)

D(F,G)” * D(EG) ° D(F G)
(u; v) D(u; v)
Trong cdc cong thic trén, ta da st dung cdc ky hiéu ciia Jacobi, chang han:
oF OF
D(F:G) |ox oy
D(xy) |06 @G
ox oy

\_/

o
=
=

-
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1.2.3.3. Cuc tri tuong doi va cuc tri tuyét doi caa ham s6

1. Cuc tri cua ham n-bién sé

a) Xét ham n-bién y = f(M) véi M € Q < R". Néu {(M,) > f(M) (*) VM e e-lan can
ctia M va dang thiic x4y ra khi va chi khi M = M, thi ta n6i ham y = f(M) dat cuc dai
(twong doi) tai M, gid tri cuc dai 1a f(M,), ky hiéu: y, .. = y.q = f(M,).

Tuwong tu, thay cho (*), néu cé f(M,) < f(M) (¥*), thi ta néi ham y = f(M) dat cuc
tiéu (tuong doi) tai My, gid tri cuc tiéu 1a f(M,), ky hiéu: y .. =y, = f(M,).

Trong hai dinh nghia trén, khi néi t6i e-lan can, ta coi dé 1a tap tit ca céc diém M
c6 khoang cach téi M, (tic do dai MM, ) < &. Nhu vay, khi néi téi cuc dai (hay cuc
tiéu) tuong doi tai M, mic nhién can hiéu M, 1a mot diém trong ciia mién Q (tic 14, c6
ton tai it nhat mot 6-1an can cua M, bao ham trong Q). Vi y nghia d6, y,,.x V& Yy, chi
mang tinh dia phuong va duoc goi 1a cuc tri tuong doi.

b) Néu bat ding thitc (*) [hodc (*¥)] thod man v6i moi diém M thuoc mién Q, ta néi
ham y = f(M) dat gid tri lon nhdt [hoac nho nhdt] tai M,,. Gia tri 16n nhat (GTLN) Ia

max y [hodc gid tri nho nhiat (GTNN) 1a miny ] bang f(M,). GTLN va GTNN dugc
xeD xeD

goi 1a cuc tri tuyét doi cia ham da cho trén mién Q.

c) Dé tim cuc tri tuyét doi trén mot mién Q, ta thudng tim cuc tri tuong doi, sau do so
sénh ching vé6i cdc gia tri clia ham trén bién cta Q dé xac dinh GTLN va GTNN.
Khic v6i cuc tri twong d6i, néu c6, chi c6 thé dat tai diém trong ctia mién Q, GTLN
va GTNN ctia ham s6 ¢6 thé dat tai mot diém hay tai mot mién nam trong hodc trén
bién cua Q.

2. Diéu kién cdn dé cé cuc tri (twong doéi) clia ham n- bién

Néu ham y = f(M) dat cuc tri (tuong doi) tai M, va cac dao ham riéng cta ham
ton tai (x4c dinh, hitu han) trong lan can M, (ké ca M,) thi:

gradf =0 tai M,

n
) — onf - _g e T s ) NP
O day, gradf = Z — i, =VI, v6i i 1a vecto don vi trén truc x, va diéu kién
k=1 Xk
S % .. ... of
trén co thé vieét dudi dang: —| =0 (k=1+n).
Xk

M,
biém M, thoa man diéu kién trén dugc goi 1a diém dimg. Nhu vay, néu tai diém

cuc tri, cdc dao ham riéng ton tai thi ching phai triét tiéu, cdc diéu kién nay la nhiing
diéu kién can cia cuc tri. Dua trén di€u kién can, ta s€ tim cuc tri ciia ham s6 chi tai cdc

- Q0 N . - 0 N . . , N . af N . P
diém dung hoac cac diém ma tai dd, it nhat mot dao ham rieng —— khong ton tai (Cac

X
k

diém nay duoc goi chung 1a céc diém tdi han clia hAm s6).
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3. Diéu kién du ctia cuc tri tuong déi
a) Ham s6 kha vi U = f(M) chi c6 thé dat cuc tri tai cac diém dimg M, ma tai do:
df(M,) = 0.
Tai diém M_, ham f(M) co:
+ Cuc dai néu:
dfM,) =0, d*f(M,) < O0;
+ Cuc tiéu néu:
dfM,) =0, d*f(M,) > 0.
Néu df(M,) = 0, d*f(M,) = 0, can xét thém dau cta vi phdn cdp cao hon ciia ham f
tai M,,.
b) V6i ham s6 cua hai bién so doc ldp: z = (x, y), ta xét cuc tri nhu sau:

+ Giai hé hai phuong trinh

f(x,y)=0;
f(x,y)=0
dé tim diém dimg M(x,, y,) (néu cé).
+ Tinh
D = B-AC,

véi A= £ (M), B=f, (My).C=f,, (M).

NéuD <0 va A >0 (C>0) thi ¢6 cuc tiéu tai M,

NéuD <0 va A <0 (C<D0) thicé cuc dai tai M,

Néu D > 0 thi khong co cuc tri tai M,

Néu D = 0 thi tai M, c¢6 thé c6 cuc tri hoiac khong, cAn xét thém bang phuong
phép khac.
¢) V6i ham kha vi n-bién s6, ngoai cach xét diéu kién di nhu & muc a) (dung vi phan

cap mot, cap hai), ta con c6 thé dung ma trdn Heissein. D6 1a mot ma tran vuong
H(M) c6 dang nhu sau:

o%f o%f o%f
ox2 ox0xy | 0xy0x,
2 0% f 0% f 0% f
~ >
[aXian ] =| 0X,0x, 0x5 0X,0X,,
ot o ot
Ox,0x; Ox,0%, x>

n
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Véi gia thi€t ham f(M) kha vi, c6 dao ham riéng lién tuc cho tGi cép hai, ma tran
Hessein H(M) lu6n luon 1a mot ma tran vuong, doi xing. Khi do, cdc tir thitc chinh cla
ma tran H(M,)) dugc tinh nhu sau:

ot
Al (MO) = 8—2
X1 M,
o*f o*f
ox2 0x,0x
A, (M) =["" L7l =(ac-B?)
ot o f M,
0X, 0%, ox3 M,
A, (M) = det(H(M,)).

Khi d6, céc diéu kién dii cud cuc tri tuong doi dugc phat biéu theo 4 trudng hop sau:
1) Néu Aj(MO) >0V)j=1,2,..,n matran HM) dugc goi la xdc dinh duong tai M,
va ham f dat cuc tiéu tai do.
2) Néu (-1)) A(My) >0 Vj = 1,2, ..., n, tife 1a: A; < 0, A;> 0, A; <0, v.v... (ddu clia
cac tu thic chinh dan nhau, tir thic v6i chi s6 1€ thi am, v6i chi sO chan thi
duong), ma tran H(M) duoc goi 1a xdc dinh dm tai M, va ham f dat cuc dai tai do.
3) Néu A,(M,) > 0 va Aj(MO) >0 Vj=2,..,n, matran HM) duoc goi la (bdn) nita
xdc dinh duong.
Néu A,(M,) < 0 va (—l)jAj(MO) >0 Vj=2,..,n, matran HM) duogc goi la (bdn)
nuta xdc dinh dm.
Ca hai truong hop nay déu khong cho ta két ludn ngay vé cuc tri. Can diung
phuong phap khéc.
4) Néu H(M) khong thoa man tat ca cac truong hop néu trén, ta néi ma tran nay
khong xdc dinh tai M, va diém dimng ndy s& khong phdi la diém cuc tri.
5. Cuc tri c6 diéu kién cua ham n-bién

Gia st ta phai tim cuc tri twong doi cua ham y = f(M) xéc dinh trén mién Q < R"
thoa man m diéu kién: gM)=b; (i=1,2, ..., m).

O day, m < n va cdc ham f, g; kha vi, lién tuc cung v6i cdc dao ham riéng cla
chiing t6i cap cin thiét. (Chang han, v6i n = 2, m = 1 ta s& phai tim cuc tri ciia ham hai
bién f(x,; x,) véi di€u kién g(x,; x,) = b).

a) Dau tién, ta xét ham Lagrange:

L(M; 1) = fM) + D 4 [g(M) - b]
i=1
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la ham cua (n + m) bién (tic 1a x;, X5, ..., X, Va A}, Ay, ..., A,)). Nguoi ta goi cac tham so
A (i=1,2,..,m)lacdc nhan tw Lagrange.

b) Xét diéu kién can cua cuc tri ¢6 diéu kién gém cac budc sau day:
1) Tim cac diém dirng cha hAm Lagrange, tiic 1a tim nghiém ctia hé gébm (m + n)
phuong trinh duéi day:

6L og; )

A L = =1,2,3,....,n
8x 8x 121: X; Q )
oL
——~ —o.(M)=b. =0 1=1,2,3,.....m
o g; (M)~ b; ( )

Gia str hé nay cho ta cac diém dimg dang:

n

0 40 0. 0 0
(M908, s 1))

2) Lap ma tran Hessein H; cua ham Lagrange va dat n6 vao trong ma trdn vién
H,(M), c¢6 dang:

trong d6 (0),,,.,, 12 ma tran vuong gém cac phén tir déu bang 0, H; 14 ma tran Hessein
ctia ham Lagrange (gém n hang, n ¢ot), ma tran J va ma tran chuyén vi J’ clia né duogc

tinh theo cdc dao ham riéng cap mot cia m ham g;(M) theo n bi€n x;.
¢) Xét diéu kién du cua cuc tri ¢ diéu kién. Céc trudng hop xay ra:
1) Néu (n — m) #it thifc chinh sau cing cua H, tai M, déu duong v6i m chén hoac
déu am vGi m 1€ tic la:

D"A Mg X) >0 Vj=2m+1, .. ,m+n-1I,m+n

(n - m) chiso
thi M, 1a diém cuc tiéu tuong doi.
2) Néu (n — m) tu thic chinh sau cing cua H, tai M, c6 tinh dan ddu va ti thic thit
(2m + 1) am khi m chan, duong khi m 1é, tic la:
(—l)j_mAj(MO; A)>0 Vj=2m+1, ... m+n—-1,m+n

(n - m) chi so

thi M, 1a di€ém cuc dai tuong doi.
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3) Néu ma tran H,(M,; A,) 1a bdn xdc dinh duong, tic la:
(=D"AMg; L) > 0;
hoac ban xdc dinh am, tic 1a:
(=1Y " "AMg; &) 2 0;
voi:Vj=2m+1, ... ,m+n—1,m+n thi ta chua thé két luan M, 1a diém cuc tri hay

(n - m) chi s6
khong. Gap trudng hop nay, ta phai tim phirong phdp khdc dé xéac dinh cuc tri.
4) Néu ma tran H, khong roi vao ba truong hop trén thi ta néi H, 1a khdng xdc dinh
tai M, va diém dimg nay khong thé la diém cuc tri.
5. Cdc quy tdc khdo sat ham mét bién
a) Quy tic I (dé xét chiéu bién thién va cuc tri)

X Xy X X
) - 0 + , + 0 —

Y i Y i

y | T~ Yao__—7 Yy | 7Yoo Ty

Chd y 1a ham f(x) phai: lién tuc trong khoang (a, b) chia diém t6i han x,, c6 dao

ham f'(x) hitu han trong mién a < x < X, vd X, < x < b va f'(x) phai d6i dau khi x chuyén
qua X,, thi chiéu bién thién va cuc tri ctua f(x) dugc xét nhu & bang trén.

Piéu kién cdn va du dé f(x) déng (nghich) bién trén (a; b) la:
f(x)=0 (f'(x)<0) Vx e (a; b),
dang thitc f'(x) = 0 khong xay ra trén mot khoang lién tuc, ma chi ¢ thé xay ra tai mot
s6 diém r0i rac trong (a; b).
b) Khdo st tinh 16i, 1om, tim diém u6n ctia d6 thi ham s6

+ Néu Vx € (a; b), f'(x) >0 thi ham f(x) [oi (D0 thi quay bé lom lén phia trén)
trén (a; b); Tat ca cdc ti€p tuyén ctia d6 thi ham sd trong (a; b) déu nam phia duoi
do thi.

+ Néu Vx e(a; b), f"(x) < 0 thi ham f(x) l6m (D6 thi quay bé lom xudng phia dudi)
trén (a; b); TAt ca cac ti€p tuyén ctia d6 thi ham s6 trong (a; b) déu nam phia trén
do thi.

+ Diéu kién cin va du dé f(x) 161 (1om) trén (a; b) Ia:

f"(x) >0 (f"(x) < O) VX e (a; b),
dang thic f'(x) = 0 khong xdy ra trén mot khoang lién tuc, ma chi c6 thé xay ra
tai mot s6 diém roi rac trong khoang nay.
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+ Diém uon ciia do thi (C): y = f(x) 1a diém phan chia khoang 16i 16m cta (C), ti€p
tuyén tai d6 “xuyén qua” d6 thi ham s6. Tai diém uon, dao ham cép hai ctia ham
duoc xét triét tieu hoac khong xac dinh, dong thoi qua x = x;; dao ham cép hai
phai déi dau.

¢) Quy téic II (dé tim cuc tri va tir d6 suy ra chiéu bién thién )
Néu ham s0 f(x) co:
+ Dao ham t6i cap hai tai moi x thudc lan can x,,
+ f(x)) =0vaf'(xy) =0
thi f(x) dat cuc tri tai x,, (cuc dai khi "' (x,) < 0, cuc tiéu khi £"(x,) > 0).

d) Quy tic II téng quat:

Gia st ham s6 f(x) c6 dao ham lién ti€p dén cdp n trong khoang (XO —-8; X + 8)

va tai diém x,;:

£(x,) = f'(x,) = ... = £ P(x,) = 0, con f™(x,) = 0
Khi d6:
+ Néu n chin, f(x) dat cuc tri: cuc dai khi £V (x,) < 0, cuc tiéu khi £ (x,) > 0.
+ Néu n l¢, f(x) khong dat cuc tri tai x,,.
Tur quy téc II téng quét, v6i n = 2 ta suy ra quy tic I1.

e) Gi4 tri 16n nhat (gi4 tri nho nhat) clia ham s6 lién tuc f(x) trén doan [a, b] ¢6 thé dat
hoic tai di€ém t6i han, hoac tai hai ddu miit a, b cia doan da cho. Néu trong khoang
(a, b) ham s0 f(x) ¢6 cuc tri duy nhdt, thi cuc tri ay chinh 1a cuc tri tuyét doi ciia ham
so trén doan [a, b]. Néu trong (a; b) ¢6 nhiéu diém cuc tri thi sau khi so sédnh céc gia

tri cuc dai (tuong doi) véi f(a); f(b) ta s€ c6 gid tri Ion nhdt, ky hiéu max _f(x) hay
xela; b

GTLN f(x). Tuong tu, sau khi so sanh cdc gi4 tri cuc tiéu (tuong d6i) véi f(a); f(b)

x€la; b

xe€|a; b xe€la; b

ta s& 6 gid tri nho nhdt , ky hieu min _f(x) hay GTBI\i f(x).

Cac quy tac tim cuc tri ham mot bién vira néu trong muc 5 déu c6 thé suy truc
ti€p tr noi dung cac muc 1, 2, 3 & phan nay.
Chii y cho phan 1.2.3.3:
+ D€ tim cuc tri tuong doi cé diéu kién chia mot ham nhiéu bién, ta con c6 thé tién
hanh theo cdch loai ddn dn s6, dé dua bai toan ban ddu vé cac bai todn c6 s6 bién
it hon.

+ Dé tim cuc tri tuyét doi ta con cé thé dp dung cic bdt ddng thiic.
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1.2.3.4. Hinh vi phan
1. Hinh vi phan trong mdt phdng
a) Do cong C clia mot dudng cong phing tai mot diém
Véi dudng cong phang:
+ ¢6 phuong trinh
y=y(X); a<x<b;

"]

127}

Cx,y)=

w

+ c¢6 phuong trinh
x=x(t); y=y(); ¢t <t<t,
XVyH_XHyV
C(t) :—| 3|
(X|2+y|2)2

+ ¢6 phuong trinh
r=r(p); a<op<P;

2 +2r% - rr"‘
Clo) =

3
(r2 12 )2
Bdn kinh cong cua duong cong tai M la:
1
RM)=——

Trudng hop C(M) = 0, ta néi ban kinh cong R (M) = .

Trén phép tuyén ctia duong cong tai M huéng vé phia 16m ctia duong cong (phdp
tuyén duong), 1dy diém I sao cho IM = R(M). Diém I dugc goi 1a khiic tam (tdm cong)
cuia dudng cong dang xét ting v6i diém M. Dudng tron tam I ban kinh IM = R(M) duoc
goi la duong tron chinh khiic (mdt tiép) ctua dudng cong tai M.

Khi M di dong trén duong cong L, tAm cong tuong tng v6i M s€ vach nén duong
tic bé'T cua L. Khi d6, L duoc goi 1a duong than khai cia T.

b) Hinh bao ctia mot ho dudng cong phing phu thugc tham sé.
+ Dinh nghia
Néu moi dudng cong ctia ho dudng L déu ti€p xic v6i mot duong cong (C) va
ngugc lai, méi diém trén (C) déu 1a mot ti€p diém giita (C) va mot dudng thudc ho L thi
ta noi (C) 1a hinh bao ctia ho L.
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+ Quy tac tim hinh bao ctia ho dudng cong phu thudc mot tham s6

Gia st ho duong cong L c6 phuong trinh F(Xx, y, m) = 0 v6i m la tham s6. Khir m
trong hé phuong trinh:

F(x,y, m) =0
F', (x,y,m) =0
ta s& dugc mot hé thic @ (x, y)=0. Loai bo di nhitng diém ki di (néu c6) ciia ho L (tic
1a nhimg diém tai d6 F', (x,y,m)=F'y (x,y,m)=0) ciing thoa man h¢ thic tim dugc
nay, ta s€ c6 phuong trinh cta hinh bao ho L.
2. Hinh vi phan trong khong gian
a) Do cong C ctia mot dudng cong ghénh tai mot diém
Vi duong cong trong khong gian (con goi la dudng cong ghénh):
+ c¢6 phuong trinh tham s6:

x=x(t); y=y(t); z=z(t); t; <t<ty;
X
C(t) =

+ ¢O phuong trinh ty ham:

" n

x=x(s); y=y(s); z=z(s); s, <s<sg

véi s la toa do tu nhién xéc dinh trén duong cong AB;
C(s)= \/x"z (s)+ y'"? (s)+ 2" (s)

b) Tiép tuyén va phdp dién cia mot dudng cong tai mot diém

Gia st phuong trinh duong cong L dugc cho theo tham s6:
X = X(t); y = y(t); 7= Z(t); t,<t<st,
Khi d6, phuong trinh tiép tuyén cua L tai diém M (X, yo. zo) Gng v6i t=t,
co dang:

X=X 3 Y-y 3 Z-1z

x'(tg)  ¥'(to) 2'(to)

vsic (x (o) +y 7 (tg) +27 (t9) # 0);
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con phuong trinh phdp dién cta L tai diém M, (XO » Yo» Zo ) ting voi t =t co dang:

X'(to ))(X—x0)+ y'(to)(Y—yo)+z'(to )(Z —ZO) =0
véiz (x (6,) + 17 (1) + 2 (¢,) # 0).
c) Phap tuyén va tiép dién clia mit cong tai mot diém
Gia su phuong trinh mat cong S trong khong gian 1a
F(X,y,z) =0.
Khi d6, phuong trinh phdp tuyén cia S tai diém M, (XO Yoo ZO) c6 dang:

X=X 3 Y-y 3 Z-1z

F'y(Mg)  F'y(Mg) F', (M)

vsiz (F2 (Mo )+ F2 (Mg )+ F2 (M) #0)
con phifong trinh tiép dién ctia S tai diém M (X(,¥.Z, ) ¢6 dang:

Fe (Mg )(X =% )+ Fy (Mg )(Y =0 ) +E, (Mg )(Z ~2) = 0
vsic (B2 (Mg)+F (Mg) +E (M) #0)

1.2.4. Phép tinh tich phan
1.2.4.1. Tich phan bat dinh
1. Cdac dinh nghia

. {F'(X) = f(x)
Néu VxeXcR
dF(x) = f(x)dx
thi j f(x)dx = F(x)+C,

trong do:
F(x) - mdt nguyén ham cua f(x) trén tap X;

C - hang so tuy y.

Tich phdn bdt dinh cla f(x)dx 1a tap hop tat ca cdc nguyén ham cta ham f(x) (ho
nguyén ham sai khac nhau mot hang s6 cong) trén tap X.

Néu ham f(x) lién tuc trén tap X thi ho nguyén ham ctia né luon ton tai.
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2. Mét s6'tinh chdt va quy tdc don gidn

1y
2)
3)
4)
5)
6)

7)

(J£(x)ax) =£(x)
d([f(x)x) =f(x)dx
[d(F(x))=F(x)+C
[t (x )dx =k_[f X
[ (x)+£ (x

J-udv = uv—_[vdu

J-f(x)dx = J-f[(p(t)](p t

x=¢(t)

3. Cdc tich phéan co ban

y

2)

3)

4)

5)

6)

7)

8)

9)

10)

m+1
J- mdx- +C
m+1
j%=1n|x|+c
X

J-exdx =e*dx +C

X

+C

J-aXdX > lallla

J-cosxdx =sinx +C

jsinxdx =—cosx+C

J- d); =tgx+C
cos” X

J-dx

sin” x

=—cotgx+C

J-tgxdx =-1 n|cos x| +C

J-cot gxdx = ln|sinx| +C

Vx e X

Vx e X

Vx e X

dx +C (k= const)

(x)]dx = £ (x

Jdx + [, (x)dx — [ £ (x) dx

(cong thiic tich phdn tiing phan)

(cong thiic doi bién s0)

(m #-1)

(O<a=1)
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11)

12)

13)

14)

15)

16)

17)

18)

19)

20)

21)

j 2dX = larctg§+C
a

X +a a
dx 1 X—a
sz—az =£ln T a +C
dx
— =1
j‘(azixz)n '

tinh theo cong thiic truy hoi:

I, = 12 r  +(@n-DI,
2na (azixzn

[ L, [paxeb—va|

ax® + bx +¢ \/Z 2ax+b+\/_‘

v6i: A=b> —4dac >0

J- dx 2ax+b e

ax2+bx+c V=A N -
v6i: A =b> —4ac <0
2
. 4 x> +a’ ia—l
2 2

Iex [f( X)]dx—e f(x)+C
I’lX+\/X2 + a2

j x> +a’dx = )Hr\/x2+a2 +C

+C

JL:

je‘“ sin Bxdx =

ax

2(OLSinBX—BCOSBX)+C

o+
2

j a2—xzdx=i a? —x? +a—arcsin§+C
2 2 a

= arcsm +C

-
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1.2.4.2. Tich phan xac dinh
1. Dinh nghia
Tich phan xac dinh cua f(x)dx trén [a; b] :

]JD-f(x)dx = lim Zf

max Ax; —>O
vGi diéu kién 1a giGi han & v€ phai ton tai (xdc dinh, hitu han) v6i moi cach chia [a; b]
thanh n doan nho tuy y va v6i moi cich chon c; trén doan con tht i, c6 do dai Ax;.
Khi d6, ham f(x) dugc goi 1a khd tich trén [a; b]. C6 thé ching minh dugc 1a moi ham
lién tuc trén mot doan kin (triv ra mot so” hitu han diém gidan doan loai I, néu cd) luon
khd tich trén doan nay.

2. Mot s6 tinh chdt va céng thitc co ban
1) Cong thuc Niu-ton & Lai-nit:

b
[(x)dx =F(x) = F(b) - Fa).

trong d6 F(x) 1a mot nguyén ham cta f(x) trén [a;b].

b a
2) [£(x)dx ==[£(x)dx
li cb b
3) [f(x)dx = [f(x)dx+[f(x)dx  (Congtinh)
" "
4) J-kf(x)dx:kj-f(x)dx (k = const)
b
5) [[f (<) + £ (x) 5 (x) Jdx = jfl dx+_[f2 )dx — _[f3

)

Cic tinh chét 4), 5) thé hién tinh chdt tuyén tinh clhia thh phan xac dmh.
6) Néu f(x) < g(x) VX e [a;b]

b
i [f(x)dx < [g(x)dx (Tinh bao toan thit ty).

Tur tinh chat nay, ta c6:
Néu f(X) >0 Vxe [a;b]
b
i [f(x)dx=0

a
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7) Cong thic trung binh tich phan

b b
J-f(x)(p(x)dx = f(&)J-(p(x)dx
a a
vai f(x) va @(x) lién tuc trén doan [a, b] vd ¢(x) khong d6i ddu trén doan d6; a< & <b
(Nguoi ta goi & 1a mot gid tri trung binh trong (a; b)).
Truong hop ¢(x) = 1 trén [a, b]:

duoc goi 1a gid tri trung binh tich phdn cua ham f (X)dx trén [a;b].

b b

8) J-udv =u V|]: - J- vdu (Cong thiic tich phdn ting phan)
a a
b 5

9) [f(x)dx = [f[@(t)Jp'(t)dt  (Cong thic doi bién 5o x = (1))
a (04

10) Pao ham cua tich phan xac dinh theo can trén:

d o(x)

- j f(t)dt |=f[o(x)]o'(x)

a
3. Dién tich hinh phdng
a) Hinh thang cong (D) gi6i han bdi cdc duong trong hé toa do Décédc vuong géc (xOy):
X =a; X=b>a;
y=f(x); y=£(x)

co dién tich
b
S = [|fy (x) =, (x)]dx (Hinh 1.2.1).
a

b) Hinh phdng (D) gi6i han béi cdc dudng trong hé toa do cuc:
{<p=cp1; P=0, >0
r=r ((p); r=r, ((p)
c6 dién tich

s== [’ (¢)=1 (o)|do (Hinh 1.2.2),
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hNY

=

Hinh 1.2.2

4. Thé'tich vit thé
a) Vat thé ndm theo truc x (a < x <b) c6 dién tich thiét dién vuodng géc véi truc Ox tai
x 12 S(x) s& c6 thé tich tinh theo cong thic:

V=TS(x)dx

b) Vat thé tron xoay, tao boi hinh thang cong (D):

a<x<b;
y=0;
y=1£(x)

quay quanh truc Ox c6 thé tich tinh theo cong thic:

b b
V, =xfy’dx =n[f?(x)dx (Hinh 1.2.3).
a a
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| .,%
|

| X

-""‘-1,-'

Hinh 1.2.3

c) Vat thé tron xoay, tao bdi hinh thang cong (D):

0<a<x<b;
y=0;
y=f(x)20

quay quanh truc Oy c6 thé tich tinh theo cong thiic:

b b
Vy = ZRJ xydx = ZTCJ xf(x)dx

a a

Ciing c6 thé tinh V, theo cong thiic & muc b) sau khi déi vai tro: x 1a ham ctia
bién y (Ham nguoc ctia ham y = f(x) (néu co)).

5. Mét s6 ttng dung khdc ctia tich phédn xdc dinh
a) Do dai dudng cong phing AB
+ ¢06 phuong trinh y = y(x); a<x<b la:

=T 1+y'2 (X)dx

a

+ c¢06 phuong trinh X=X(t); y=y(t); t, <t<t, la

t
s:.[\/x'2+y'2dt
t
+ ¢6 phuong trinh r:r((p); a<o<P la

p
S :J-\/r2 +r'2d(p
o
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b) Dién tich mat tron xoay tao bdi dudng cong phéng c6 phuong trinh:
y=y(x)20; (a<x<b)

quay mot vong xung quanh truc Ox la:

b
S:2n‘[y 1+y'2dx
a
¢) Cong ctia mot luc bien d6i F = F(x)c6 phuong Ox khi diém dat cta luc di chuyén tir

x=adén x=0b la:

A= TF(x)dx
a
d) Khai luong m cua vat khong dong chat ¢6 ham mat do:
p=p(x); (@a<x<b)
dugc tinh theo cdc cong thic sau:

+ Duong cong v6i phuong trinh y = y(x) co:

m= ])-p(x)\ll + y'2 (X)dx

a

+ Tam phang hay mat cong S c6:

m :Tp(x)dS(x)

a
(dS(x) Ia vi phan dién tich phu thudc theo x trén S).
+ Vatthé V cé:
b

m= J-p(x)dV(x)

(dV(x) 1a vi phan thé tich phu thugc theo x trén V).

e) Ap luc chét 16ng c6 mat do p khong doi 1én mot mat S nhiing trong chét 1ong tir do
sau a dén do sau b (a < b) dugc tinh theo cong thiic:

b
P = [pxdS(x)

(dS(x) la dién tich dai hep & do sau x trén mat S).
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6. Tinh gdan diung tich phan xdc dinh
a) Dung chudi ham liiy thira

Khai trién ham duéi ddu tich phan thanh chudi lily thira. Do chudi ham lily thira
luon hoi tu déu trong mién hoi tu clia nd, ta c6 thé tich phan theo ting s6 hang clia
chudi trén [a; b] nam trong mién héi tu va danh gid dugc sai s6 cuia phép tinh gan ding.
b) Dung cong thitc hinh chit nhat

Chia [a; b] thanh n doan nho6 bang nhau, nhd céc diém chia:

Xp=a<Xx;<X,<..<X,=b,

khi dé: J-f dx~—(}’1/2+3’3/2+'"+yﬂ/2)

+
trong d6: y, » = f[%j (k =1, 2,...,n).

c) Dung cong thiic hinh thang
Chia [a; b] thanh n doan nh6 bang nhau, nhu & muc b) va tinh:

YoTy¥
jf (%+yl+y2+“.+yn_lj,

trong do:
v =f(x¢): (k=0,1,...,n)

(b-a)’ M
12n*

M= Xréi%]‘f”(x)‘.

Sai s 0 <

2

d) Dung céng thitc parabon (Cong thiic Sympson)

If —[yo+yn+4(y1+y3+ +yn1)+2(y2+y4+ AV 2)]
trong do:
Yk :f(Xk); (k:O, 1,...,n)
. (b—a)SM
Sai s6 6 < :
180n*
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1.2.4.3. Tich phan suy rong
1. Tich phan véi cdn v6 han (Tich phan suy réng loai I)
a) Cac dinh nghia tich phan suy rong loai I

+00 b

jf@ﬂx=hm f(x)dx

b—>+0
a a
b b
j f(x)dx = lim j f(x)dx

a—>—0

i "
+00 [¢ b
j f(x)dx = lim jf(x)dx-+ lim jf(x)dx
o a—)woa b—H—ooc

Néu cac gidi han & v€ phai ton tai thi tich phan suy rong twong ung & v€ trai la
hoi tu; Nguoc lai, n€u mot trong cdc gidi han &y khong ton tai thi tich phan suy rong &
V€ trai tuong ing 1a phdn ky. Ngoai ra, ham f(x) phai lién tuc trén bat ki doan kin nao
nam trong mién 14y tich phan dugc xét.

b) Céc tiéu chuén so sanh d6i véi tich phan suy rong loai I

Xét hai tich phan suy rong loai I:

~+00
I = [ f(x)dx
a
+00
va Ig = J- g(x)dx

a
trong doé: f(x), g(x) 1a hai ham lién tuc trén [a, +oo).
+ Tiéu chuén I:
Véi gia thiét 1a: f(x) < Ag(x) Vx >a; A =const >0, néu I, hoi tu thi I; ciing hoi
tu, con né€u I phan ky thi I, cling phan ky.
+ Tiéu chuan II:

Véi f(x) va g(x) 1a hai vo cung bé cung bdc trong qua trinh x — 400 (nghia la:

lim 1) =k (khdc O va hitu han)) thi Iy va I, s€ cung hoi tu hoac cing phan ky.
x—>+0 g(X)

Nguoi ta thuong so sanh cac tich phan suy rong loai I v6i
~+00 dX

(04
1 X

I=

Dung dinh nghia c6 thé ching minh duoc: I hoi tu khi oo > 1 va I phan ky khi o < 1.
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2. Tich phan cua ham khéng bi chdan (Tich phan suy rong loai II)
a) Céc dinh nghia

Gia st ham s6 f(x) c¢6 gian doan loai hai (gian doan vo han) tai diém x, (a < x, <b),
khi doé:

b Xp—¢€ b

j f(x)dx = lim | f(x)dx + lim j f(x)dx (a<x,<b)
e—>0 6—0

a a Xo+0

b b

[feodx = lim [ f(x)dx (Xo = a)
e—0

a a+e

b b—e

[feodx = lim [ f(x)dx (xo =b)

" e—0 "

Dé tich phan suy rong & V€ trdi hoi tu, cdc giGi han twong tng & v€ phai phai ton
tai; nguoc lai, néu it nhat mot trong cdc giéi han dé khong ton tai thi tich phan tuong
ung phdn ky.

b) Céc tiéu chudn so sdnh doi véi tich phan suy rong loai I

Xét hai tich phan suy rong loai II:

b
I = [f(x)dx

b
va I, = j g(x)dx
a

trong do: f(x), g(x) 1a hai ham lién tuc trén [a, b] \ {XO} va ¢0 gian doan vo han tai x.
+ Tiéu chuén I:
Véi gia thiét 1a: f(x) < Ag(x) Vx e[a;b]; A =const >0, néu I, hoi tu thi I; ciing
hoi ty, con néu Iy phan ky thi I, ciing phan ky.
+ Tiéu chuén II:
Vi f(x) va g(x) 1a hai vé cung lon cung bdc trong qua trinh x — x, (nghia la:
f(x)

lim —— =k (khdc 0 va hitu han)) thi Iy va I, s€ cung hoi tu hoac ciing phan ky.
X—>X( g(X)

Nguoi ta thudong so sanh cac tich phan suy rong loai II véi:
b

A =jd—x (X =b)
a(b—x)a
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b odx
hoac Jzzj—a (xop =a).
a(x—a)
Duing dinh nghia c6 thé ching minh dugc: J;, J, hoi tu khi o < 1 va I phan ky khi o> 1.
1.2.4.4. Tich phan boi
1. Tich phdan hai lép (Tich phan kép)

b( ¢y(x)
a) Hf(x,y)dxdyzj j f(X,y)dy dx
D a\ ¢;(x)
(Tich phan lap, hinh 1.2.4)
M

Hinh 1.2.4

b) Cong thitc déi bién s6 doi véi tich phan hai 16p.

V6i phép doi bién:
{X =x(u,v)
y=y(,v)

[9)¢ Ox
D(x,y) _|ou v
D(u,v) oy Oy
ou ov

c6 dinh thiic

ta c6 cong thuc:
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D(x.y)

Hf(x;y)dxdy = ”f[x(u,v); y(u,v)] m

Chiang han khi chuyén sang hé toa do cuc: (r, (p) voi:

dudv.

X =TCOSQ;
y=rsinQ,
D

thi (y)
D(r.¢)

va ta c6:

Hf(x;y)dxdy = Hf[rcoscp; rsin(p]rdrd(p
D c
Trong céc cong thiic ddi bién trén, o 1a anh ctia mién D trong phép ddi twong ting.

c¢) Cac ung dung cua tich phan hai 16p
+ Dién tich hinh phdng D c6 gid tri bing:

[[ dxdy = [[ rdrdo

D c
+ Thé tich hinh tru cong giGi han béi mat tru c6 dudng sinh vuong géc véi (xOy),
ddy 1a hinh phiang D ndm trong (xOy) va mat cong c6 phuong trinh z = f(x, y)
dugc tinh theo cong thuc:

V= _mf(x,y)‘dxdy
D
+ Toa do trong tdm cha hinh phang:

Xg = iﬂ.xp(x,y)dxdy;
D

1
Ve = ;gyp(x,y)dxdy
trong do:
p(X, y) - ham mat do;

m - khéi lugng clia hinh phang, m = _Up(x,y)dxdy .
D

+ Momen qudn tinh cia mot hinh phang d6i véi goc toa do:

Iy = J-J-(x2 + y2 )dxdy
D
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2. Tich phan ba l6p (Tich phdan béi ba)
a) Tich phan lap:

T (s yor)andt = s 3.2 e =

a oy

b o(x)  wa(xy)
=fax [ dy [ f(xy,z)dz (Hinh12.5)

y
Hinh 1.2.5
b) Cong thitc déi bién s6 trong tich phan ba 16p:
I“f(x;y;z)dxdydz =
Q

D(x, y,z)
= ”Jf[x(u,v,w);y(u,v,w);z(u,v,w)] m

® b 2

trong d6: o 1a anh clia mién Q qua phép déi bién: (x,y,z) — (u,v,w).
Chang han, néu chuyén sang toa do tru:
X =TCOSQ
y=rsinQ

7Z=17

D(x,y,z)

hi
o D(r, (p,z)

dudvdw
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Néu chuyén sang toa do cu:
X =rsin0cos
y =rsinBsin@

Z=r1cos0

D(X,y,z)
D(r,,0)

2

thi: =1°sin0.

c¢) Cac ung dung cua tich phan ba 16p
+ Thé tich vat thé:

v = [[[dxdydz
\'
+ Toa do khoi tam cta vat thé khong dong chat:

X, = ij{[jxp(x, y,z)dxdydz
Ve = ij{[jyp(x, y,z)dxdydz

z.= i‘m- zp(x,y,z) dxdydz
\Y
trong do:
m = [[[p(x,y,2)dxdydz 1a khoi lugng cita vat thé V;
\Y%
p(X, y,z) 1a ham mat do.
+ Momen quan tinh cta vat thé d6i véi céc truc toa do:
I, = jﬂ(yz +7? )p(x, y,z)dxdydz
\Y
Iy = Hj(xz e )p(x, y,z)dxdydz
\Y
I, = Hj(xz + y2 )p(x, y,z)dxdydz
\Y

1.2.4.5. Tich phan duong
1. Tich phan duong logi I (Tich phan 14y theo do dai cung)

[ £(M)ds

AB
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a) Véi cung AB ¢ (xOy):
+ c6 phuong trinh: y=y(x); a<x<b;

I f(X,y)ds=lJ2f[X,y(x)] 1+y'2dx

AB a
+ c6 phuong trinh tham s6: x = x(t);y = y(t); t; <t<t,

t

_[ f(x,y)ds = J-f[x(t),y(t)]\/x'z+ y'2dt

AB t
+ ¢6 phuong trinh r:r((p); aop<P

p
I f(X,y)ds = jf[rcoscp, rsin(p]\/r2 +r'2d(p
a

AB

b) Vi cung ABC (XOyz) c6 phuong trinh x = x(t); y=y(t); z=12z(t) t; <t<t,

if(x,y,z)ds = If[x(t),y(t);z(t)}/x'z%ry'2+z'2dt

AB t

¢) Toa do khéi tam clia AB (xOyz) khong dong chat:
1
Xg =— J- Xp(M))ds;
Y
1
yo=— | yp(M)ds;
M 2B

1
Zg=— j zp(M)ds
N
\(UH

m - khoi luong clia dudng cong, m = J- p(M)ds;

AB
p(M) - ham mat do.

2. Tich phan duong loai II (Tich phan dudng 14y theo toa do)

a) Dinh nghia
j Pdx + Qdy + Rdz = j {Pcosa +QcosB+Rcosy}ds
AB AB

trong do:
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P, Q, R - cac ham cua ba bién x, y, z;

cosa, cosf, cosy - ba ham cosin chi huéng ctla ti€p tuyén dudng cong hudng theo
chiéu di tr A dén B. (Néu lay theo chiéu nguoc lai tir B dén A,
tich phan dudng loai II s& doi dau).

b) Vé6i cung ABc (XOy) :

+ c6 phuong trinh: y =y(x); a<x<b

iP(x,y)dx +Q(X,y)dy = T{P[X,y(x)] + Q[x,y(x)]y'(x)}dx

+ c¢6 phuong trinh tham s6: x = x(t); y = y(t); t; <t<t,

_[ P(x,y)dx+Q(x,y)dy =

= J{PLx(0)-y (0] () +QLx (1) (1] (1)}

c) V&i cung ABC (XOyz) c6 phuong trinh x =x(t); y =y(t); z =z(t) t; <t<t,

t
I P(x,y,z)dx= jP[x(t),y(t),z(t)]x’ (t)dt
AB t)
Vé6i céc tich phan duong loai hai, 1ay theo cac bién y, z ta s€ c6 cac cong thic
tuong tu.

d) Trén mot duong cong kin (L), ngoai cach tham s6 héa (L) nhu & muc c, tich
phan dudng loai hai con dugc tinh bang cdch chia (L) thanh nhiéu dudng cong nhd,
tron ting khiic hoac bang cong thicc Gorin (1ién hé giita tich phan dudng va tich phan
hai 16p):

0 oP
(j)P(X,y)dx + Q(x,y)dy = ”[—Q——jdxdy
c D ox 0y
trong do:
D - hinh phéng, gi6i han béi dudng cong kin C tron tiing khiic (chon chiéu ctia C sao
cho di theo chiéu nay, ta luon thdy mién D & phia bén tréi);
P, Q - nhitng ham hai bién s0 x, y lién tuc trén C cung véi cac dao ham riéng lién tuc
trong D (hinh 1.2.6).
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icl

W

Hinh 1.2.6

e) Cac ung dung ctia tich phan duong loai 11
+ Dién tich hinh phing gi6i han bsi duong cong kin (C) duoc tinh theo cong thiic:
1
Sp = E(JS(Xdy — ydx) = (JSXdy = —95 ydx
C C C
tich phan 14y theo chiéu duong cua (C).

_>
+ Cong ctia mot luc bién d6i F(M) c6 ba thanh phéan (toa do): (P, Q, R) khi diém
dat ctia n6 di chuyén trén AB tir A dén B 1a:
j Pdx + Qdy + Rdz = j {Pcosa +QcosB+Rcosy}ds
AB AB
+ Bon ménh dé tuong duong
Gia thiét P, Q la cac ham hai bién x, y lién tuc cting cac dao ham riéng ctia ching
trén mién phang D < (xOy). Khi dé, trong mién D, bon ménh dé sau day 1a tuong duong:
1) Pdx + Qdy 1a mdt vi phan toan phan ciia mot ham U(x, y) nao dé.

) P _R
oy Ox

3) (j)de + Qdy = 0 v6i moi dudng cong kin (L) tron timg khic, nam tron trong D.
L

4) j Pdx + Qdy = U(B) — U(A) khong phu thuoc vao dudng di tir A dén B.
AB

1.2.4.6. Tich phan mat
1. Tich phan mdt loai I (tich phan lay theo dién tich mat cong)

[Jt(m)as
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a) V6i mat cong S ¢6 phuong trinh 1a z = z(x,y), goi D 1a hinh chi€u ctia mat S 1én mat
, 0 0 :
phang toa do xOy va p = a—z, q= 8_Z , tich phan mat loai I dugc tinh theo cong thic:
X y

Hf(x,y,z)dS = ‘Uf[x,y,z(x,y)]\/l+p2 +q2 dxdy
b) [[as=[[y1+p* +q>ds

S

c6 gid tri bang dién tich cua mdt cong S.
¢) Toa do khdi tam cua mot mat S khong dong chét:

Xg = i” xp(M)dS;
S

Yo = i I I yp(M)dS;
S

zg = iﬂ zp(M)dS
S

se

VO1:

m - khoi lugng ciia mat cong S, m = ” p(M)dS;
S

p(M) - ham mat do.

2. Tich phan mdt logi II (Tich phan 14y theo toa do)
a) Dinh nghia

H P(x,y,z)dydz + Q(x,y, z)dzdx + R(x,y,z)dxdy =
S

:”[P(x,y,z) cos(n,x)+Q(x,y,z)cos(n,y)+R(x,y,z) cos(n,z)] ds

trong do:
S - mat cong hai phia, tron tirng manh;
P(x,y,z), Q(x,y,z), R(x,y,z) - ba ham s6 xac dinh trén mat S;

_)
n - vecto phap tuyén cta S, huéng theo phia da chon trén S

(nguoi ta goi S 1a mdt dinh huong).
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b) Cong thuc tinh tich phan mat loai II
HR(X, y,z)dxdy = i”R[X,y,(p(x,y)] dxdy
S D
trong do:
D - hinh chiéu ctia S 1én mat phang toa do xOy;
z - phuong trinh cia mat S, z = ¢(x,y) ;

Chon dau (+) hay (-) trudce tich phan hai 16p tiy theo cos(n, z) duong hay am.
Ta ciing c6 thé tinh tich phan mit loai II biang cach dua vé tich phan mat loai 1.

Chu y 1a tich phan mat loai II sé d6i ddu khi ta déi phia chon ctia mat S.

¢) Tich phan mat loai II trén mot mdt S kin c6 thé tinh bang céc céach sau:
+ Chia S thanh nhiéu mat cong tron timg manh, sau dé dp dung tinh chat cong tinh.
+ Ap dung cong thitc Oxtrogratxki - Gauxo
P 0Q OR

q‘;ﬁpdydz +Qdzdx + Rdxdy = j i j (6—)( & i Ej dxdydz

trong do:
V - phan khong gian bén trong, gidi han bdi mat kin S tron ting manh (chon phap
tuyén S huéng ra phia ngoai);
P, Q, R - nhitng ham ba bién s0 x, y, z lién tuc trén S cung véGi cac dao ham riéng
lién tuc trong mién V ké ca bién.

d) Thé tich V ctia vat thé gi6i han béi mit cong kin S duoc tinh theo cong thic:

V= l# xdydz + ydzdx + zdxdy
3 S

e) Cong thiic Xtoc (lién hé giita tich phan duong va tich phan mat)

qSde +Qdy +Rdz =

C

= _[ Q_ok dxdy + R_Q dydz+[@—a—R)dzdx
S ox 0oy oy Oz 0z 0x

trong do:
P, Q, R - nhitng ham (ctia ba bién x, y, z) lién tuc cung véi cac dao ham riéng lién
tuc trén mot mat dinh hudéng S, giéi han béi duong cong kin C.

Trong cong thiic nay, can chon huéng mat cong S va chiéu trén C sao cho khi ta
diing theo chiéu cua vecto phdp ctia S phai thdy chiéu C nguoc véi chiéu kim dong ho
(hinh 1.2.7).
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|

C
Hinh 1.2.7

Cong thitc Xtoc s& tr& thanh cong thitc Gorin néu C 1a mot dudng cong phang, kin
trong mat phang xOy va S 12 mot mién phang gidi han boi C.

Chii y cho cdc phdan 1.2.4.4; 1.24.5; 1.2.4.6: Cac tich phdn hai ldp , ba ldp, tich
phdn duong, tich phdn mdt déu c6 céc tinh chat giong nhu tich phan xdc dinh (con goi
1a tich phan mot 16p). D6 1a cac tinh chat: Cong tinh, Tuyén tinh va Bdo toan thit tu.

1.2.4.7. Ly thuyét trudong

1. Truong vé hudéng

a) Ta n6i trén mién Q < N> ¢6 mot rruong vé hudng U néu dng véi mdi diém M e Q,
ta ¢6 quy luat dé xac dinh mot gid tri u(M) cta U. Ham u(M) = u(x, y, z) duoc goi la
ham truong. Néu x, y, z déu khong phai bién s6 chi thoi gian, trudng vo huéng duoc
goi 1a truong dung. N€u ham truong phu thudc thoi gian, truong vo hudng duge goi
1a khong dung.

b) Mt ddng miic: 1 tap hop cic diém M e Q sao cho u(M) = C = const. Khi Q 12 mién
phéng, tap cac diém M: u(M) = u(x, y) = C duoc goi 1a duong dong miic.
¢) Dao ham theo hiténg a cha u(M) bidu thi t6¢ do bién thién chia ham u theo hudng nay:
ou Ou ou ou
— =—cosa+—cosP+—cosy
da Ox oy 0z

trong d6 cosa., cosP, cosy la cdc cosin chi huéng cta a.

d) Gradién cua truong u(M) tai diém M(X, y, z) 12 vecto:
- - -
gradu = 8_u i+a—uj+8—uk
Ox oy oz
Cac tinh chat cta gradién:
gr?lC =0 (C=const)

grad(u+v) = gradu + grad v
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gr—ad(uv) =ugradv + vgradu
grad o(u) = ¢’(w) grad u

? = ch;gr—adu (chiéu cua gr?lu lén a)
a

Tai méi diém clia mot trudng vo huéng, gradién luon tring phuong v6i phap
tuyén clia mat miic cua trudng di qua diém ay, dong thoi dao ham ctia ham trudng theo
céc huéng vuong goc vdi gradién (tic 1a ti€p xdc véi mat mic) luoén bang 0.

2. Truong vecto
a) Ta n6i tréen mién Q = R> c6 mot truong vecto F néu ting v6i mdi diém M € Q, ta c6

quy luat dé x4c dinh mot vecto IE(M) . Ham vecto nay dugc goi la ham truong.

> - - - - -
F=FM)=F(x,y,z)=F (x,y,z) i + F, (x,y.2) j+F, (x,y,2) k
b) Puong dong cua mot trudng vecto F Ia mot duong cong (C) nam trong mién dugc
xét sao cho tai mdi diém M trén dudng, IE(M) c6 phuong tiép xuc véi (C). Tap hop
cac duong dong 1ap nén mot ho duong dong trong trudng vecto.

Hé phuong trinh vi phan cua duong dong (C) trong truong IE(M) la:

dx _dy _dz
F, F, F,

c) Thong lugng cua mot truong vecto F qua mdt mat dinh huéng S la:

® = [[F,dS = [[ F,dydz + F, dzdx + F,dxdy
S S

trong dé: F, = ﬁ.n?{ 1a chiéu cta F trén phap tuyén n tai M(x, y, z), theo phia da
chon trén S.
d) Hoan luu (Luu s6) cua trudng F doc theo mot duong cong kin (L):

C= §F,dx+F,dy+F,dz
L

e) Dive cua truong F Ia mot dai lugng vo huéng:

-~ OF. OF, OF
divF = =X 4+ Y 4 2
ox oy 0z

+ Céc tinh chat cta dive:

- -
divC =0 (C la vecto khong déi ca phuong, chiéu 14n do dai)
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xl

div

- d duur
div|uF |= udivF+ Fgradu (u=u(x,y, z))

+ Theo ngon ngit cua ly thuyét truong, cong thiic Oxtrogratxki - Gauxo:

mang mot ¥ nghia co hoc 1a: Thong luong cia mot trudng vecto .  qua mot mat cong
kin S (v6i phép tuyén chon hudng ra phia ngoai) bang rich phdn ba lop clha trén
mién V giGi han boi mit S.

f) Rota (vecto xody) cla truong . 1a mot vecto:

(Céch viét hinh thic cua tich c6 huong, dung dinh thiic)
+ Cac tinh chat cta rota:

(C = const)

(u=u(x,y,2)

+ Theo ngon ngit cha ly thuyét truong, cong thiic Xtoc:

mang mot ¥ nghia co hoc la: Hoan luu cua trudong vecto doc theo mot duong cong
kin C bang thong luong cla . qua mat S nao dé c6 bién 1a C (Chu y chiéu cta C va
phia cua S phai phu hop).
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3. Truong thé
a) Dinh nghia

Trudng vecto . duoc goi 1a fruong thé trén mién Q néu ton tai mot trudng vo
huéng u(M) sao cho « . « Ham u(M) dugc goi 1a ham thé (hodc
thé'vi) ciia truong . .

b) Diéu kién cdn va di dé truong v .+ la mot trudng thé trén mién
dugc xét la: . =, tai moi diém Nhu vay, truong thé 1la mot trudong
khong c6 xody.

4. Toan tw Lapolaxo va Todan tz Haminton

a) Toan tr Lapolaxo

Vi todn tir nay:

Truong vo huéng u(M) cé dugc goi la truong diéu hoa.
b) Toan tir Haminton (Nabla):
— —  — (vecto tugng trung)

Vi todn tir nay:

c¢) Két hop hai toan tir Lapolaxo va Haminton, ta c6:

de6i véi moi truong.
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1.2.5. Phuang trinh vi phan thudng
1.2.5.1. Cac khai niém co ban

1. Phuong trinh vi phan

Phuong trinh vi phdn 1a mot dang thitc chita cdc bién doc 1ap, ham phai tim cha
cac bién do cuing cac dao ham (hoac vi phan) ciia ham nay.

Phuong trinh vi phdn thuong 1a phuong trinh vi phan c¢6 ham phai tim chi chda
mot bién doc lap.

Phuong trinh vi phdn dao ham riéng (hay Phuong trinh vdt ly - todn) 1a phuong trinh
vi phan chita ham phai tim 1a ham cta nhiéu bién doc 1ap va cdc dao ham riéng cua né.

Cdp cua moét phuong trinh vi phdn 1a cdp cao nhat cia dao ham cé mat trong
phuong trinh.

Dang tong qudt clia phuong trinh vi phan thudng cap n:

F(X, ¥, ¥,y s y™) =0 (1.2.1)

trong d6: y = y(x) 1a ham phai tim x4c dinh trén mot tap X nao doé trong *R.
2. Nghiém ciua phuong trinh vi phédn

Nghiém cua (1.2.1) 1a mot ham y = ¢(x) kha vi dén cdp n trén X sao cho phuong
trinh tr& thanh mot dang thitc ding, khi thay y boi ¢(x).

Nghiém téng qudt cia phuong trinh vi phdn (1.2.1) 12 mot ham kha vi dén
cdp n trén X va phu thuoc n hdng so' iy y Cy,..., C,: y = ¢(x, Cy,..., C,) sao cho v6i moi

C,,.... C, phuong trinh tr& thanh mot déng thic ding , khi thay y boi
o(x, Cp,..., C)).
V6i méi bo n s6 cu thé gan cho C,,..., C, trong nghiém téng quat, ta c6 mot

nghiém riéng cta (1.2.1). Doi khi, ngoai cdc nghiém téng quat, phuong trinh vi phan
con c6 cac nghiém ky di, d6 la cac nghiém cua (1.2.1) nhung khong phai nghiém riéng
(nghia 1a ta khong thé gan cho nghiém t6ng quét bat ctt mot bo n s6 cu thé C,,..., C, nao
(ngay ca khi gén cdc s6 vo han) dé suy ra dugc nghiém ky di).

Trong nhiéu trudng hop ta chi ¢6 thé tim dugc mot hé thic d(x, y, Cy,..., C,) = 0,
trong d6 chia ham dn y = ¢(x, C,,..., C,) thoa man (1.2.1) Vx € X va ta goi hé thic nay
12 mot tich phdn téng qudt cta phuong trinh. V6i mdi bo n s6 cu thé gan vao C,...., C,
trong tich phan tong quét, ta c6 mot tich phdn riéng cta (1.2.1).

3. Bai toan Cauchy

Bai todn dugc phat biéu cho phuong trinh (1.2.1) nhu sau:

Tim mot nghiém riéng hoac mot tich phan riéng ctia phuong trinh thoa man hé n
diéu kién ban dau:

YD =Y YD) =¥ Y ) =Y e YT =y,
VOL Vi V'3 Vo 5o Yo P 12 cdc s6 cho trude.
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4. Tich phan (hodc gidi) mét phuong trinh vi phan 1a tim nghiém téng quat,
hoic tich phan téng quét; tim nghiém riéng hoic tich phan riéng théa min n diéu kién
cho trudc; tim nghiém ky di (néu c6) hodc ching t6 ring phuong trinh vo nghiém.
Doc gid quan tam dén vdn dé ton tai va duy nhdt nghiém cia (1.2.1) c6 thé tim doc céc
tai liéu chuyén khao.

1.2.5.2. Phuong trinh vi phan cap mot

1. Phuong trinh vi phéan thudng cdap mot
Phuong trinh c6 dang:
Fx,y,y) =0
hoac y’ =1(x,y) (1.2.2)
vGiy = y(x) 1a ham phai tim.

Nghiém tong qudt ctua (1.2.2): y = ¢(x, C) s& dugc biéu dién bdi mot ho dudng
cong phu thudc tham s6 C trong mat phang xOy. Day 12 ho duong cong tich phdn cla
phuong trinh duoc xét. Mdi dudng cong cuia ho, ting véi mot gia tri cu thé ctia C cho ta
mot duong cong tich phdn cia (1.2.2).

Bai todn Cauchy d6i véi (1.2.2) s€ mang mot y nghia hinh hoc don gian la: Tim
mot dudng cong tich phan ciia phuong trinh di qua mot diém (x,; y,) cho trudc.

Nghiém ky di cta (1.2.2) (néu c6) s& biéu dién bdi mot dudng cong, tiép xic véi
ca ho duong cong tich phan, d6 chinh 1a hinh bao cia ho nay.

Ngudi ta chiing minh rang: Phuong trinh: y’ = f(x, y) v6i v€ phai lién tuc trén mot
mién D nao do chia diém (x,; y,) luén c6 nghiém thoa man diéu kién: y(x,) = y, va néu
dao ham riéng theo bién y: f° (x, y) cling lién tuc trén D thi nghiém nay s€ 1a duy nhat.
2. Phdn loai va Nguyén tdc chung dé gidi mét sé phuong trinh vi phéan
cap mot
a) Phuong trinh cé bién so phdn ly 1a phuong trinh vi phan cip 1 ¢6 thé dua vé dang:

P(x)dx + Q(y)dy =0,
hoic téng quat hon:
P;(x) Q;(y)dx +P5(x) Qy(y)dy = 0,
trong do:
P, Q, P,, Q, - cac ham lién tuc da biét;
y = y(x) hoac x = x(y) - ham phai tim.

Tich phan téng quét clia cic phuong trinh trén lan luot 1a:

+ =C

=C

(Cla hang s6 tiy y). (Khi giai, con phai xét cac trudng hop va ).
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b) Phuong trinh vi phdn ddng cdp 12 phuong trinh c6 thé dua vé dang:
M(x, y)dx + N(x, y)dy =0,
trong d6 M va N 12 hai ham déng (cling) cip k déi véi x, y, tifc 1a:
M(tx, ty) = t* M(x, y);
N(tx, ty) = t*N(x, y)
véi t 1a tham s6; k nguyén duong.
Cdch gidi:
Pé tim y = y(x, C) thod man phuong trinh trén, ta dat y = xu(x) véi u(x) 1a ham
m&i phai tim.
Khi dé:
dy = udx + xdu,
hay la: y’ = u(x) + xu’(x).
Phuong trinh dang cap s& dua duoc vé phuong trinh bién sé phdn Iy cho ham u(x).
Doi khi, ta c6 thé dua mot s6 phuong trinh vi phan cap mot khong phdi dang ddang
cdp vé dang dang cap bang cich doi bién hoac ding ham phu thich hop.
) Phuong trinh vi phdn tuyén tinh cdp mot 1a phuong trinh c6 thé dua vé dang:
y’ + P(x)y = Q(x)

soe

VGi:
y - ham phai tim, y = y(X);
P(x) va Q(x) - hai ham cho truéc.
Khi Q(x) = 0 Vx, ta cé phuong trinh vi phdn tuyén tinh cdp mot thudn nhdt va

nghiém toéng qudt ciia né ¢6 thé tim theo cdch phan ly bién s6:

yx)=. "L
Truong hop Q(x) # 0, nghiém tong quét ctia phuong trinh c6 dang:

Trong thuc hanh, ta c6 thé tim duoc nghiém téng qudt trén theo c4c budc sau day:
1) Tim mot nghiém cta phuong trinh vi phan tuyén tinh thuan nhat tuong Gng véi
phuong trinh da cho:

2) Tinh S—

3) Nghiém tong qudt cAn tim s& 1a:
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d) Phuong trinh vi phdn Béc-nu-li (Bernoulli) 1a phuong trinh c6 thé dua vé dang:
¥’ +Px)y = Qx)y”
voi:
y - ham phai tim, y = y(x);
P(x) va Q(x) - hai ham cho truéc;
o - mot s6 thuc bat ky khac 0 va khac 1
khi o = 0, ta c6 phuong trinh tuyén tinh,
khi a = 1, ta ¢6 phuong trinh tuyén tinh thuan nhat.

Nhan thay phuong trinh Béc-nu-li luon ¢6 nghiém tam thuong la
y(x) =0 VX,

ta xét trudng hop y(x) # 0 va dat z(x) = = 12 ham méi phai tim. Khi d6 ta s&

nhan dugc mot phuong trinh vi phan tuyén tinh doi véi z(x):

Sau khi tim duoc z(x), ta dé dang tim dugc nghiém y(x) # 0.

e) Phuong trinh vi phdn toan phdn 1a phuong trinh c6 thé dua vé dang:
P(x, y)dx + Q(x, y)dy =0

soe

voi:
y - ham phai tim, y = y(x);
P(x) va Q(x) - hai ham cho truéc thda man diéu kién:

xl

hay la P(x, y)dx + Q(x, y)dy = dU(X, y)
(Vi phan toan phin ctia mot ham hai bién U (xem Bon ménh dé tuong duwong & muc
1.2.4.5 diém 2, e)).
Tich phan téng quat ctia phuong trinh vi phan toan phan:
Ux,y)=C

\(UH

C - hdng s6 tuy y;

U(x, y) cho boi mot trong hai biéu thic sau:

xl

(c6 thé chon x; y, tuy y, mién 1a (x,, y,) thuoc mién lién tuc ctia hai ham P; Q).
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1.2.5.3. Phuong trinh vi phan cap hai
Xét phuong trinh

Fx,y,y”")=0
hay y’(x)=1(x,y,y")
v6i diéu kién:

y(Xo) = Yo

Y (Xo) =Yy -

Néu ham f(x, y, y’) lién tuc trén mot mién Q nao do chira diém (x,, y,, y,’) thi
trén mién d6 ton tai nghiém riéng y = y(x) thoa mén hai diéu kién dugc xét. Néu ham
f(x, y, y’) cdn ¢6 cc dao ham riéng theo y va theo y’ lién tuc trén mién [_] thi nghiém
ndi trén ton tai duy nhat.

1. Phuong trinh vi phan cap hai giam cap duge
C6 ba truong hop giam cép dugc:
a) Vang mat y; y’ trong phuong trinh
Khi d6, chi can tich phan hai lan hai v&€ phuong trinh y”’(x) = f(x) ta s€ duoc:

=]
=]

b) Ving mit y trong phuong trinh
Khi d¢, dat
y'(x) = z(x)
la ham méi phai tim (y’’(x) = z’(X)); phuong trinh y’’(x) = f(x, y’) tr6 thanh:
z’(x) =1(x, z)
la mot phuong trinh vi phan cap mot. Gia st phuong trinh nay c¢6 nghiém

7= (P(X9 Cl)a
thi tu do, ta co:

|
¢) Véang mat x trong phuong trinh
Khi dé, dat
y'(x) =P(y)

la ham méi phai tim theo bién y, (y”’(x) = P(y)P’(y)); phuong trinh y’’(x) = f(y, y’)
tré thanh:

P(y)P’(y) = (y, P(y))

la mot phuong trinh vi phan cap mot. Gia st phuong trinh nay c6 nghiém
P =P(y; C),

thi tir do, ta c6 tich phan téng quat:
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xl

2. Phuong trinh vi phdn cdp hai tuyén tinh
a) Phuong trinh vi phan cép hai tuyén tinh 12 phuong trinh ¢6 dang
Yy’ (x) + Px)y’(x) + Q(x) y(x) = R(x),
trong do:
y - ham phai tim, y = y(x);
P, Q, R - ba ham cho truéc.
Khi R(x) = 0 Vx, ta ¢c6 phuong trinh vi phan tuyén tinh cap hai thudn nhdt tuong
ung véi phuong trinh dang xét.
b) Tinh chét nghiém cta phuong trinh vi phan cép hai tuyén tinh thuin nhat
+ Néu y,(x), y,(x) 1a hai nghiém cua phuong trinh, thi C,y,(x) + C,y,(x) ciing s&
thoa man phuong trinh véi moi C;, C,.
+ Néu y,(x), y,(X) 1a hai nghiém déc ldp ciia phuong trinh (tic 1a y,(x) # k y,(x) véi
k 12 hing s6) thi
y(x) = Cry;(x) + Gy,(x)
v6i C,, C, 12 hai hing s6 tuy y s& 12 nghiém téng qudt ctia phuong trinh.
+ Khi biét mot nghiém riéng y,(x) cua phuong trinh, ta c6 thé tim mot nghiém riéng
khac doc 1ap véi y,(x) bang cong thiic Liu-vin:

xl

c¢) Tinh chat nghiém cua phuong trinh vi phan cép hai tuyén tinh khong thuan nhat
(R(x) #0)

+ Néu

12 nghiém tdng quét clia phuong trinh thuan nhat tuong tng, con |[%] |14 mot

nghiém riéng clia phuong trinh khong thuan nhat, thi nghiém téng qudt ctia né la

+ Hiéu hai nghiém riéng ctia phuong trinh khong thuan nhat 1a mot nghiém riéng
ctia phuong trinh thuin nhat tuong tng.

d) Phuong phdp bién thién hang s6 cho phuong trinh vi phan cép hai
Néu
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12 nghiém téng quat ctia phuong trinh thudn nhat twong tng, thi nghiém téng quat cla
phuong trinh khong thuan nhat sé la:

v6i C(x) va Cy(x) dugc xac dinh tir hé phuong trinh sau (sai khac hai hing s6 ty ¥ @, G,):

xl

3. Phuong trinh vi phdn cdp hai tuyén tinh véi hé s6' hdang sé
y’(X) + py’(x) + qy(x) =R(X) (p, q 1a hai hiang s6 thuc).

a) Phuong trinh bac hai theo k:

K+pk+q=0
duoc goi 1a phuong trinh ddc trung (ddc tinh) ciia phuong trinh vi phan dang xét. Tuy
theo nghiém clia phuong trinh dic trung (PTDT), ta ¢6 thé tim ngay duoc nghiém téng
quéat (NTQ) cua phuong trinh thuan nhét tuong ting (PTTN):

Nghiém cla PTDT NTQ cla PTTN:

xl






