CHUONG 4

MO HINH MOT CHIEU VE
LAN TRUYEN MAN TREN HE SONG

; Khi xem ring trong cdc ving trit nuéé, d6 min khong
“thay d8i hodc thay d6i khong ddng ké theo thdi gian, phuong
" trinh md t4 qud trinh lan truyén cia nuéc min c6 thé viét lai
- dudi dang:

a5 2SS 104D oS

+tUu—=D—+————+G(S) (4.1)
ot Ox Ox A Ox Ox

, Trong d6 u = Q/A 1a van tdc trung binh trén mit cit
- ngang, G(S) = 0 trong trudng hdp 14y nuéc (bom, tudi), G(S) =
q('Sq — S)/A trong trudng hgp bd xung nudc véi Sq 12 A0 mén
| cda ngudn nuéc bd xung.

; 1 0AD ) .
SO hang 1 o thudng c6 ¢d tr 10° t6i 10™ trong

- khi d6 van t6c u trong dong triéu c¢3 107" vi thé khi gop s6
. hang nay vdi u ta khdo sét dinh tinh phuong trinh sau day:

2
B uB-_pls

Ot Ox ox? (4.2)
“véi U=u(1+£)=—Q— l—iaA—D ; £ dugc xem 13 hé s6 hiéu
A 0O ox

- chinh.

(4.2) 1a phuong trinh loai parabol, ngoai nghi€ém chinh
‘xdc vdi trudng hgp U, D khéng ddi, cdc trudng hop con lai déu
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“9. i P Py ~ ~ R s A ~ z u,d

dudc gidi bang cdc phuong phdp s6 ma pho bién la cdc phuong ULS - Uﬁ =gsn§2 . _U_QS’XAt . U_?Smmz LA % .6
phdp sai phan. o 2 5 3
4.1. Mot s6 so do sai phian ddi véi phuong tr‘mh\ té\i khuéch V6iU, ™ >0

tdn va van dé kh,ué,c,h tdn s6 cuia cdc s¢ do bing cich oL 025 _[l(s . +u_e(s " +E(S e an

danh gia sai s xap xi . ox =3 S+ (S, (S At 4.

¢ hi€u cdc todn tif sai phdn L; va L, theo quy tic sau: ‘
Kyhlcucactoan saip 1 LIS—ai= I“(S,,)At+1—(S,,,)At2+ ......
s Ls =2 or 2 3! (4.8)
LS = o ’ T ax

N ’ Tl'OHg do k)'/ hléu 51 =X - Xi.1, 52 = Xil - Xj | 0 1a trong
Trong cdc tai li€u ta thudng gédp cdc sd do sau day: 6 thdi gian.

4.11. So db sai phin theo hudng (hay so do ngugc dong 4.1.2. S0 dé sai phdn trung tam
upwind) Trong sd d6 nay céc todn t¥ sai phan L,S va L;S duge

Vi so dd nay cdc todn tif L; va L, ¢6 dang: b x4p xi nhu sau:

s =——[olsm —sm)e - o)sz, - s7)] @3 1;L2S=(xi+.—x,-_,)"‘[em,i*:‘—s,-".‘;‘)+(1~—e)(s-" -s')]

i+l
Xil = Xi (4.9
e n+l .
Newur <0 B L5 = (oS = Sh )+ (=205 £ 57 ) v a(seit - 52, )
Ls=——lolsr - sz )+ -o)sr -5t o (4.10)
X —Xiq f

o Trong d6 o dugc goi 12 hé s& phan téch. Bing c4ch khai

néu U™ >0 n Taylor cdc s6 hang trong (4.9) va (4.10) quanh diém x;, t,

LS——l-(S"+I —S.") (4.5) K hiu Xir1 = xi.1= 8 ta co:
Coa | L -5 - (s)AL, (5,98 | (g AL,
Biéing cdch khai trién Taylor quanh di€m x;va t, ta c6: k' or "2 "2 SR T
(4.11)
4 Ui n+l <0: :
v 0B Y596+ (5 yar+ Y6 (s yart+ ...
Ox 2 -2 ’ 3!

(4.12)
92




Nhén xét: Céc s6 hang ndm & v€ phdi clia c4c cong thidc dudc st dung trong /37/ va dugc xét trong /407 .
(4.6), (4.8), (4.11), (4.12) 12 c4c sai s6 do x4p xi cdc dao ham
theo x va theo t bing cdc todn t sai phan L, va L, theo cédc
cong thitc (4.3),(4.5) va (4.9),(4.10). P6i véi cdc dao ham theo
x trong phén sai s8 déu c6 xuit hién s& hang dang ud’S,y,
trong d6 & lién quan tdi cdc budc chia 8, , 8, , 83 . S6 hang ndy
c6 cling dang véi s& hang & v€ phdi cia (4.2). Nhu viy néu
trudng van toc U va luéi chia 8 sao cho & c¢6 ¢3 clia hé s6 D
hoic 16n hon nhi€u 1an thi viéc x 1y ti€p s6 hang bic hai DS,
trong (4.2) s& khong cdn § nghia hoic thudng ndi sd d6 dua |
vao hién tugng khhuéch tdn s§ lam mat ¥ nghia cda qué trinh
khuéch tdn (phin tdn) vat Iy. Mit khé4c trong (4.3) va (4.11) ta
thdy c6 s6 hang —S,; chinh s hang nay lam cho phuong
trinh chuyén tit ding parabol sang phudng trinh séng, vi thé |
trong tinh todn thudng bit gip cdc dao dong séng.

4.2. Mot s6'tiéu chufn d4nh gid cdc so d6 sg
L 4.2.1. Mjt 56 khdi ni¢m xdc suai va dai lugng ngéu nhién

Mot dai ludng ngdu nhién lién tuc X c6 ham mat do f(z)
. thi ham phén phdi ctia n6 tai vi trf x ¢6 dang: .

F() = [ f(2)dz (4.13)

o (?‘rié tri trung binh ciia X hay k¥ vong todn hoc ciia né
d Igc dinh nghia nhu sau: .

MX = jxf(x)dx

- (4.14)

,, Dai lugng ngdu nhién qui tam 1a daj wdng X — MX
Ciing chd ¥ riing trong thuc tién tinh todn ludi 8 khong | dag sai hay mOmen bac hai clia né 13 dai lll'dl:lg: ’
thé cho tién t6i 0 dugc, do d6 biing sd dd sai phén trung tim; ' ey S
hodc sd d6 theo huéng ta déu gip hién tigng khuéch tdn sd;:
Viéc dua thém hé s6 o s& xuat hién thém mdt s6 s& hang trong
sai 0, cdc sO hang ndy s& mait khi cho a = 0, vi th€ trong
(4.10) chi nén 14y 4nh hudng cla diém i nhu (4.5), budc thoi]
gian At dit nhé thi s6 hang chifa Sy vAn con tai trong sai s chf
nén du Ax va At nhd ta vin gip hién tugng khuéch tin s& Vi
cdc dao dong séng. Chi ti€t hon vé hién tudgng khuéch tdn sdj
déi véi phuong trinh tdi c6 thé xem trong 134, 401.

SMUX -MX )= [(x-Me) fae (415)

. Phl.rdng sai 1a dai lugng dic trung cho mitc do phén tin
baph gid tri trung binh, -

Khuéch tin tit nguén cé cuong dé don vj

Xy A7 2 . £ s g N
Ne}l chi xét qud trinh khuéch tin thuin tdy tf ngudn tai
Vvéi cudng d6 don vi véi hé s6 K = constant, thi phu’dné

(4.2) ¢6 dang (ding K thay cho D):

Trong (4.9) va (4.10) néu oo =0, 0 =1 ta c6 sd db 4n

hoan toan cia Stone; khi a =0, 6 = 1/2 ta ¢6 sd dd Crank: §,= Kﬂ
Nicolson hay 1a tng v6i cdch chon ciia s db Stone — Briaq o &’
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Va nghiém cia nd s€ la:
2

L exp(-5—)
Jankt 4Kt
C6 thé thay gid tri trung binh MS = 0, tic 1a gid tri trung
binh ctia khodng céch tif tim phan bo t6i gdc 1a bang khong,
phuong sai cda phin bo S sé la:

Hoic & dang rdi rac:

S(x,t)= N
M = Z S(x;,t)Ax,

i=1

(4.17)

] j l l 2z
1 g . gl . g

DS=X = exp(———)dx=2Kt b 11l = xS(x,t)—

Va tir d6: ., 1 Hoic & dang rdi rac:

14X @160 . .

= — 1

2 flt . ‘ X = ‘M—Z x;S(x;,t)Ax 4
(4.16) cho do khuéch tin quanh Vi tri ngudn va thudng i=1 (4.18)
dugc dung dé danh gid hé s& khuéch tén trong do dac. : .) Hé sd khuéch tdn s6 bing khong, hé sd nay biéu dié
‘ s 1€n qua

P6i véi qua trinh tdi thuan tiy hat 16ng khong thay df}

tinh chat, do d6 véi mot sd 46 3 bat ky dp dung cho phuon
—2 i

thi X =0. °

’

b
_2 —_
) ] X" =[(x-x)? &
trinh tii néu khong c6 hién wong khuéch tdn sO { ( )8 (x.0) M

2 e - Ky 4 4 / 6 da Ji °
4.2.3. Mt s6 tiéu chudn ddnh gid s0 do s0 ang roi rac:

— 1 &
551 XP=— -X
ﬁ M; (Xi i()ZS(Xi,t)Ax (4.19)

h18c d6i luu 56 12 dai uong X, con hé s8 khuéch tén s5

RS . 32
‘ tuf véi(4.16)1a 1X  dai llAl’thg khong Am.
: 2 At

Do y nghia ciia cic dai lugng néu trong muc 4.2.1
4.2.2, do ¥ nghia cia ham phén b6 F(0) = 1, do ¥ nghia e
qué trinh tai, d€ khdo sdt mot so dd s8 thudng xét nd trong q
trinh tii xung don vi va dung céc tiéu chudn nhu sau:
i) Bao toan khdi lugng

goai nhitng tiéu chuin trén, do y nghia cia ndng do

b
M = j S(x,t)dx jphii 1a céc dai lugng khong 4m.

4 0 s& cﬁa‘ nhitng tiéu chuin dua ra & trén ciing 13 cd sd
phudng phip momen, V1 (4.17) - (4.18) va (4.19) a cdc
96 1
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[GS ', +FS',=H + C
HS '\ +GS ', +FS ', = 0
J (4.23)

..............................

momen bac 0, 1 va 2 clda néng d6. No6i dung cua cdc phuong
phdp mdmen 13 cdc mdmen tuong tng clda nghiém chinh xdc
va nghiém s6 tri phdi bing nhau, tuy nhién phudng phdp nay
phuc tap.

HS 'y _;+GS 'y, _,+FS 'no1 =0

4.3. Pdnh gia tinh xap xi clia so d6 sai phan trung tim trén
(HS '\ _,+GS 'y, _, =0

» °*A P N
cd sé cdc tiéu chuan bao toan

: (4.23) 1a hé phuong trinh 3 dudng chéo, cé the gidi bing
» phu’dng phép khit dudi sau:

SN-i = PiSn_ii (4.24)
trong d6 p; la cdc hé s6 khtt dudi dudc xdc dinh nhi sau:
t P =-H/G; p;,= -H/I(G+p;F); i=123,.,N-3
| 81 =(H +C) (G + py_,F) (4.25)

AN

So db (4.9) va (4.10) 4p dung cho phuong trinh t3i thuin
tdy dua dén hé sai phan sau (u6i khong gian dugc chia déu
vdi budc thdi gian Ax): '
HS, , +GS, +FS,, =(H+C)S,_, +GS, +(F - C)Sm

(4.20)
trong do: ,

F=2a+C6 CoU At

H=2a-CO ~Y Ay (S8 Courant) (4.21)

=2(1-2w)

Si’ 1a ndng d6 tai x;va t + At , S; 1a ndng d6 tai x; , t lei
x;e[OL]lvai=0,1..,N. '
Ta s& xét ddp Ung clia (4.20) v6i xung don vi dit tai

x = 0, khi d6 diéu kién bién va diéu kién diu nhu sau: :
Piéu kién dau: S(0,0) =1, S(x;,0)=0 Vdi i=1,2..,

Piéu kién bién: S(0,0)=1,8’0,t)=0,S’(N,t)=0
vGit>0. (4.22)]

Ta s€ xét trudng hgp U > 0 va do c4ch chon dnh hudng
tﬁacacdleml—l ,i,i+1c6thé1dyG>0hay0<0<0,5 D&
ong d$ luén ludn du’dng, tir (4.24) ta phdi c6 p;> 0. Tt p; > 0
i#6c6' H < 0 hay a < 0,5.C.0. D& thdy né€u p; =0 hay H=0 thi
§ Ov6ii=2,.. , N- -2 vakhi dé Sy’ =C/G,S’=0, .., S\
i = 0.

Dé bio toan khdi Iugng : S;” = 1 va ta c6 hai diéu kién:
H =0 hay2a=C.0 (4.26)
Si’=1 hay2(1-2a)=C

i} g1y

(4.20) véi céc diéu kién (4.22) c6 thé viét lai dudi dang: D€ bdo ddm &n dinh tinh todn 0,5 < 0 < 1, véi gid trj nay

:Aa 0, tr (4.26) ta c6:
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T hai inh n .
V6i0=05 :C=1 vaa=025 21 phuong trinh nay suy ra:

Véio=1 :C=23vaa=13 (497 S]':%(ZH;C) s, - ZHH +C)
—- FH G®-FH

V6i0=23 :C=6/Tvaa=2/7 Chid B o
) 3 _ : } Chuy : P€ nong d6 duong phii c6 H < 5i 2 A
Nhu vay dé bao toan khéi lugng tong dng véi 6 va o 8 15, one g phai c6 H< 0, khoi lugng clia phan

chon trude cho so dd thi s& Courant chi nhin mét gid tri nhat
: in mot gid tri _(C-H)H +C)

dinh. Trong thuc t&€ tinh todn s6 Courant ludn bi€n d6i, vi thé M T 4 (4.28)
khong thé dat dugc di€éu ki€n bao toan khoi lugng. Vi tr trung binh:

D& thdy trong trudng hop nay vi tri trung binh ctia phéan
b61a X =Ax,vavantSc ddilwu X _4¥  didu kién bdo|

— Y

— 1 2 . _
X = -(Z i.S;.Ax) = (G-2H)Ax (4.29)

todn van t6c d6i vy cho: At At | M & G-H
Phuon i:
_Ax hay Al oo g sal
At Ax

—2  1& 5 —2 -A*GH (4
X" ==%ilsax? - x° - A CGH (430)
M E ' G-H

Tir (4.30) 6 rang so d6 chi khong c6 khuéch tén s& n&u

vl G hodc H = 0, ngodi ra ta ludn ludn gdp hién tugng
wé€ch tin sG.

c6 nghia 12 van t6c ddi Ivu chi duge bdo toan khi s& Courant,

bing don vi. Cudi ciing phuong sai clia phin bd nong dd min

trong trudng hgp nay la:
X2=Ax*-Ax*=0 )

Nhu vdy trong trudng hdp hé s Courant = 1, ¢6 thé da b€ bdo toan van toc ddi Ivu ti (4.29) ta c6:

dugc bao toan khéi lugng, bao toan van toc d6i luu va khong G-2H=(B-H)C (4.31)
c6 khuéch tén s6 (o = 0,25, 0 = 0,5 ); chi ¥ ring ta xem p; h. V2 dé bao toan khai .
. y g 01 lugng tix (4.2 :
0, tifc 1a néng d chua lan t6i bién dudi. N&u p; khdc 0 thi by e 2( 8)ta suy ra:
todn trd nén phifc tap. Xét trudng hdp doan L chia 1am 3 doan (G-H)H+C)=G*-FH (4.32)

tir (4.23) ta cé:
GSl’ +FSz’ =H+C
HS;’ +GS,’ =0

i Dé thdy diéu kién (4.31) va (4.32) khong dong thdi thuc
- T nhitng phan tich trén cho thdy so db sai phan trung
B khong loai dugec khuéch tin s§ va khong déng thdi bdo
dugc khdi lwgng va van toc d6i lw. Trudng hgp s6
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S B

bai todn:

Courant bing don vi 1a trudng hgp duy nhat ma céc tiéu chuan

trén dudc thyc hién nhung chivéi o =0,25va 0=0,5. Bai todn I: .

- tngvdi so dd Crank — oS oS B . i
X.ét tru(‘jng\h(’jp (81 =0 . 0 = 1/2 tuong dngvol sG dO —5;1_+ch1—+ oS, =0 (4.34)
Nicolson, tf (4.28) ta ¢0: S =Skhit=t, (4 34a)
_(4+ C)C péM =1 thi C = 1,757 Bai todn 2:
T 16+C?
Tit (4.29) ta c6: . aas ) _ %_ aa D aas Ly @)
_ A g ==4C thiC=1236 ! 4 x
X = EQZ%C_‘C)——JC— Pe | S;=8,"" (4.35a)

Va phuong sai: Sau khi gidi bai todn (4.34) véi didu kién diu (4.34a) s&

- tim dugc S,™ = S1(X, tq1) sau khi gidi bai todn (4.35) véi di€u -
. kién ddu (4.35a) s& tim dudc S,™*! = Sy(X, tae1) VA d6 chinh 1a
L aghiém x4p xi cdia bai todn (4.33) sau mot budc thdi gian At.
f Chi ¥ ring nghiém cia bai todn 1 1a diéu kién ddu cho bai
7 todn 2. Béng cdch tich phan (4.34) va (4.35) tit t, dén tyy , st
k dung céc diéu kién (4.34a) va (4.35a) d& dang chi ra ring khi
At— 0 ta cé:

[ 95, , 05, 45,-L 0 (pg 952
i ot Ox A Ox ox
IDicu nay c6 nghia S; 12 nghiém cia (4.33).

&

—2 : ‘
—2 _20A% p& L& _0 chic6thé Ax |
4+C

=0hoicC=0

Nhitng phén tich & trén cho thdy so do sai phan nf’)i ch\i 4
va dic biét 1a sd dd sai phén trung tam khong bdo ddm dor
thdi khong khuéch tan s& va bdo toan kh&i lugng.

4.4. Phuong phap phén ra d€ giai phuong trinh tai khué :
tdn .
4.4.1. Ngi dung ciia phuong phdp phédn ra
Theo /39/ viéc gii phuong trinh

)

§.4.2. Diéu kién bién trong phuong phdp phén r

Dudi day s& dé cap t6i mot cich cho diéu kién bién d6i

oS oS - 10 DA§§- (4.33) i (4.2) khi ¢6 thém s6 hang ty do f:
o Tt 107 T A\ ax " as . as _ _a°S ,
t X s —6—t—+ua—=D62+f 4.2) <
trong mot budc thdi gian At dudc dwa vé gidi lién ti€p I x x )
103 1
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Thé cdc gid ri bién S, =a" va Sy =b" vao (4.39)

Véit>0,D>0,xe[0,1] _ f 12 ham da biét cing vdi
ta c6 phudng trinh & dang ma tran nhu sau:

didu kién ddu va diéu kién bién sau day:
SO,0 =a(), S(L,H=b®), Sx,0)=g(Xx) (4.36) a8 Pl Sl 4 ogn )
(4.2)’ s& dugc phén rd thanh: ot 2 = F (4.40)
v, +uy, =0 ; Trong d6 cic gid tri bién dd dugc chuyén vao vé phai,
yr=S" (4.37) cdc ma tran L va F c6 dang:
< 3: R . a A _i 2D D -
Vi di€u kién bién PR () J— .0
¢,‘—D¢xx:_f1 L= _(ﬁ. 2) u 2D D
2 P 3 reeeneeee O
n n+l h h h h h
Qo =V (4.38)
T S (A O~ (44 By 2D
Vi di€u kién bi€n L h h*" h  h*
V&n dé dit ra 1a chon diéu kién bién cia (4.37) va (4.38) ! [, NER D\a"' +a" i
va ham f; sao cho ching c6 quan hé véi a(t), b(t) vaf dé 2 ho K 2
nghiém cia (4.38) 1a nghiém xap xi cla 4.2). :
F" =\ f3

Xem ring u > 0 va phin doan [0,1] thanh N doan chié(;?

dai h, ky hi€u:

n D(b" +b"
_f 2,N-1 + h_z[_Z—J

L BdivimatrdnL c6 thé phan thanh L , L, va d& thdy L, ,
Biong (ing v6i ludt sai phan clia cic s hang u—va 0
F§0m ci xi y didu kién bién. ac

o .9 . n 1
T=At 5 A=u-é;—D-éx—2' 5 fZ =f1(x,n+—2-)

Sit dung phuong phép Crank — Nicolson cho (4.2) 1A

dudc:

oS s+ 8" n 4.39) 3
_5_[ + A _—i—_ = f, 22 T (4.40) s€& c6:

4:1 _ T_ 2 n T n

W=(E - 1L + 3 L>)S"+ (E —EL)tF +0(t’) (4.41)
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Trong d6 E 12 ma trdn don vi va di st dung khai trién

n+l n ] [- D a"™ +a" 1 (fznl
sau day: ’—_Lia +a P £
2 h 2 0 A
T T T 3 (4.42)  _ 0 . e 2
+—L)'=E—-—L+—0L° +o(7°) g 5 8 +
(E 2 ) 2 4 o b [ ]
Xét so d6 sau day: 0 | 22 b+ ern—l ;
h 2 . .
n+ n n+1/2 n - L “2,N-1 |
S l/Z_S +LIS +S =Bg(l) (4‘43)
T 2 “ |
gl _ g2 L gy g2 _ Re® - V@i cdch chon nhu vdy cdc bai todn (4.37) va (4.38) sé 1a:
T l 2 v, +u'Wx =0 r(ot_D#)xx =f
Céc todn ti¥ B, R va cdc ham gV va g® s& dugc xé4c dinh - y"=8" 437y Q" = ¢n+1 (4.38)’
P,
o (442 vl bt o il O o8 it v (0,1) = a(t) 0(0,1) = a(t)
T (4.43) dung khai trién (4.42) vé8i mdt s6 bi€n doi s€ dudc:
e dine P(L1) = b(2)

Két qua trén day xét cho u > 0, néu u < 0 hoic u thay ddi
- ddu c6 thé tng dung cdc thi tuc tudng ty . Trong trudng hgp
¢ ndy d6i vdi (4.37) néu tai u (0,t) > 0 thi phdi cho ¥(0,t) = a(t)
_con tai mit cudi u(l,t) < 0 thi phdi cho W(1,t) = b(t).

2 1
s = {E ~7(L, + L, )+%[(Ln L) ~LL + LI, ]}S T (444

i:E _-;:(Ll +1, ):ITBg(l) +[E '%(Lz +1, ):ITRg(Z) +0(z*)

0 c

fe2 Nhu vay trong bai todn phan ré ta c6 thé st dung céc
idiéu kién bién cta bai todn xuat phdt véi cdc sai s6 nhu sai s6
aia 50 d6 dugc sit dung cho bai todn xu4t phat.

18
¥.4.3.

So sdnh c4c s& hang tong dng cla (4.44) va (4.41) s& c6 :
F" = Bg"”+Rg?

Luu ¥ ring & ddy ta d3 xem L; va L, c6 thé giao hodr
dugc. Bay gid ta x4dc dinh B, R, g va g® sao cho viéc s
dung diéu kién bién 13 d&€ dang nhat. N&u déng nhat B=R =H
va:

Thuc nghigm s trong vi¢c gidi phuong trinh tdi thudn

iy

,  Nhuda néu & muc 4.1 va muc 4.3, c4c sd db sai phan dudc
gét v6i phurong trinh tdi déu gay ra khuéch tén s& va khong déng
i bio toan dugc khéi lugng va van tdc di lwu, vi vdy can
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chon mdt phuong phap s& nao d6 gidi phuong trinh tai d€ loai
it t5i da khuéch tdn s8 va nhu vay gilf dudc ¥ nghia clia s6
hang tdn xa. Nhv  néu trong /7/ viéc st dung phuong phép phan
13 1a céch hop li, vdn dé 1a tim sd d6 s6 cho phuong trinh tai.
4.4.3.1. Phuong phdp ddc trung gidi phuong trinh tdi

Theo quan diém Lagrange cd thé xét bai todn tdi nhu
sau:

Mot hat 16ng & thdi diém t nim tai diém A, vdi van tdc u
hat 16ng s€ dich chuyén theo mdt quy dao nao d6 dé dat tdi
didm B tai thoi diém t + At (xem hinh duéi). Trong qué trinh
tai thuin tdy hat 16ng khong thay d8i, mat do tai B s& bing mat
do tai A: S(B,t+At)=S(A,t

t+At£: Do
t iA S
: AX

Nhu vay dé xdc dinh dugc ndng do tai diém B chi can di' |
d3 biét ndng dd (ndng
biét qua cdc diém lan can). Qud,
phuong phép dudng dac trung
d6i véi phuong trinh tai. Trong phuong phap dic trung c6 haif

ngudc lai quy dao t6i diém A, tai diy ta
d6 tai A dugc bi€t trudc hodc
trinh vira mo ta 12 ndi dung cua

budc cin ti€n hanh:
- X4c dinh chan dudng déc trung A.
_ Noi suy gié tri tai A qua cdc gid tri da biét.

Pd chinh xdc ciia phuong
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phdp dudng dic trung phij

;h\uochvéo dd chinh xdc cla hai budc nay. Du6i diy sé€ trinh
ay nhitng nét chinh da dudc cai bién ci at tod

C cua thuat t i A
o it todn trinh bay

Phuong trinh xudt phdt:

of

of
a7 +U(x,t)a+af=0 ; 020

(4.45)
Pé don gidn trudc tién xét véi o = i '
o g nxétvéio=0vdi x € [x;,xn] vat

2
o

f

7 _
Ox

+U(x,t) (4.45a)

Piéu kién dau : f(x,0) = fo(x)
. Pi€u kién bién :f(x;,t) =fi(t) néu Ux;,t) =0
f(xn,t) = f2(t) néu Uxn,t) <0

_, (4.45a) c6 ho dic trun - L
1 0 dd g dx = Udt va h A ax
tning cho df = 0. a hé thic trén dic

3 -G't'a thi¢t: Trong khoang tich phan At , U chi Ia ham clia x
: 4 tri clia U dugc cho tai cdc diém x; , X3, ..., Xn; giita cac khoang
- Xi+1], U dugc xem nhu mot ham tuyén tinh U = ax +b.

| Ham f.'(x, t) tai 18p thdi gian t, dudc cho tai cdc diém x,

P, .. , )A(N’ giita f:éc diém [x;, Xis1] ham f dudc x4p xi bing m(‘);
pép nodi suy két hgp tuyén tinh va parabol tiy theo dd doc ol
km f, hoidc dugc ndi suy bing mdt ham spline bac 3. .

Shund

1

9 hThuizt todn so‘:~Do ‘U khoéng phu thudce t (trong mot bude
g C Oi 3 .

o nén trong rr\101 khodng [ xk, Xk+1 ] cdc dudng cong tich
n dx = U(x)dt d€u song song:
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=T

Cho nén d€ xdc dinh chan dic trung chi cin tinh 5t d6i

; Tich phan phudng trinh dx = U(x)dt trong khodng [ x , x, IE
= cons

X

f dx =jdt

’ A 4en Lax+b
v4i ting khodng [X , Xk+1], sau d6 ki€m tra di€u kié€n: Tir ds
K
+ .
Z§ti>At -l—ln ,ax b,—_-t—-’l'
i=1

- ~ '3
Néu diéu kién nay duge thyc hién tdc 12 dic trung di cat

dudng thing t =t Vi ax; + b= Uy va x dd gén x, 48 U
ng = tn.

| ddu cda Uy cho nén:

ax+b=0U,e* (")

=ax + b c6 cing
Khidétinh Dt = At - Y, 61,

| Hoic: a(x-x)=Ug (e* "V _1)

(4.46)
Tinh ot va ox: ’ a(x-x,)
Goi g =+ 1 = - sign (Uy), trong khodng Xk va Xx,e ham U | , fflgac Doat-7)= IOg(T' +1) (4.47)
c6 dang:

k

Ux)=ax +b 8) Néut-t=Dt cho trudc, tir (4.46) sau khi khai trién ta cé:

f* . ox = ~Uth[1 +»g—"2"~‘;U-"Dt J (4.48)

U..~ U, _ Tk
a:L::F; b=U,+ edx )= ke edx £ Ax

n+1

ib) Néu x — x; = eAx cho trude (dac trung rdi vao hodc cit cdc
A '

gi€m chia). Tir (4.47) suy ra:

1 a(x—xy)
Ot=7—t=-—Jog| ——— k) 4
T 2 Og[ Uk + ] (4_49)

(4.48) va (4.49) 12 hai cdng thifc cd bdn d€ xdc dinh chin
: Ong dic trung. Khi dic trung chua cit dudng t = t, thi cong
:_’c (4.49) duge dung dé tinh dt; clia titng khodng [x;, xi,,], khi
ic trung dd cdt duong t=t, thi cong thitc (4.48) dugc ding dé

At

At

n
Dt
n /
o <

Xk-1 Ox Xk
Hinh 11:

ot,
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xdc dinh 8x (Hinh 11). Chid ¥ ring trén mdi khodng [X;, Xi4]
dudng dic trung la dudng cong 16ga xdc dinh bdi (4.49) chi

khong phdi 1a dudng thing.

Trong thyc t€ tinh todn van toc U s& dudc 14y trung binh
giita hai 18p thoi gian t va t+At. Trong SAL vin t6c duge x4c |
dinh qua trong s6 0 theo cong thitc: U = U™ +(1-6)U". Pay

12 diém cai tién so vdi /24/.

Pé xdc dinh f(x) qua gid tri tai f(x) va f(Xk.e) ta ding

phuong phdp ndi suy sau day:

< NOai suy tuyén tinh két hgp véi ndi suy bic hai Lagrang

(parabol):

Goi f, 12 két qud cia phép ndi suy Lagrange, f; 12 k§
qué ctia phép noi suy tuyén tinh, t, 1a d§ doc cla ti€p tuyén 4§
vdi parabol, t4 12 d6 nghiéng cda dudng thing. N&u hiéu d
nghiéng vé gi4 tri tuyét d6i 16n hon n 1n gid tri tuyét d6} &
nghiéng cta dudng thing thi f(x) = f, néu khong f(x) =
Trong d6 n 13 mot s8 cho trudc, trong tinh todn n = 0,55. '

12 minh hoa diéu vira gidi thich.

4
L~

Y=ax2+bx+c_ Khi

fa1a hé 8 g6c o
.hoéc qua X2 va X3

& on o
ndi sy yen tinh va parabol g3

y "L suy parabol (hoic pe; 84an nhau thj
Y yén tinh d& trsnn

: trdanh gi4 trj ndj

¥ 2 . (.)I Sll 2 . .

:' trong khoidng noi suy). Y vugt khéi gis trj max,

1.” xl’ x2,
4 1 f(x) dugc ndi suy

Hinh 12:
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¢ by T
Biém x 1a diém can 6

e tim gid trj ng; 2a ha
814 tr1 da biét f,, f,, f3. $1 {1 n6i suy ciia ham fqua c4c

Ha 0i /]
m ndi suy bac 2 qua ba gig tr fi, £
0 b 2’

a fitt(‘)’ﬂg thﬁng qua x
NCU X< X < x5,

/M/=/CA-CB BA
t, | CB /=/5/

<n thi ngj sy
= SUY parabol. Bidy dg o
' 0 ¢6 nghia 13 (ra
€n doan

8 ndi suy ty
U dudng cong

_ ud déc thi dipe na:
id 114 dOc thi dang noj

*. 7&9} Suy diing ham Spjine bac 3.

i

Néu goj
N 801R, R,, .. Ry 14 dao ham b

dc hai cia ham .
A « 2 ° d
= » XN. M6t diém X nao [ tai

dé ne\'im 1iY; N

h qua f,, £, v R, glua x; va x,
, )3

Lf(x)=R, &L)H{ (x-x,)’

] 6()(2 -X,) 2 ToTT————

- R (x, -
| f,\'("z\x])’uﬂ. R,(x, —x.)?
: 2 T

|
|
i

< f <
do tp = y,(Xz)_ 3 €O dal’lg

1vax;néux1<x<X2




ndi suy ding ham Spline cho dd chinh xédc cao hon va chi can
dding t6i hai diém d€ ndi suy, tuy nhién phai bi€t thém céc gid
tri dao ham bac hai, vi th€ phai can thém mot 0 tinh toén.
Céch noi suy tuyén tinh két hop véi parabol tuy can téi ba
diém dé& noi suy nhung s3 lugng tinh todn it hon va ciing dat do
chinh x4c can thiét theo quan di€m thyc hanh. Trong muc dudi
s& cho vi du minh hoa vé& dd chinh x4c cta hai phudng phép
ndi suy nay.

4.4.3.2. So sdnh cdc so d6 s6 khi gidi phuong trinh tdi.

P& so sanh dd chinh xdc cia cédc sd dd so, ta xét vi du

sau:
Xét phuong trinh QJ: + u(x,t)?f- =0 vdixe(0,1)va
Ot Ox
t>0.
1-—

Ycos mt

Trong d6 u(x,t) =na(
(Sé& xét trudng hdp a = 14)
Pidu kién diu : f(x,0) = 3sin (4nX)

1-2asin xt

asin 7wt

Ky hiéu dugc dung trong bang 4 dudi day:
F : Nghiém chinh x4c cia bai todn
fi: Lai giéi s0 bing phuong phdp dic trung, sit dung ndi suy
tuyén tinh k€t hgp v4i ndi suy Lagrange.

fs: Ldi gidi s6 bing phuong phdp dic trung vdi ndi suy
Spline bac 3. '

fy (fu1, fup) : LOi gidi s6 bing phuong phdp sai phin theo
huéng. ‘
fr (fr1,fr2): L3i gidi s bing sai phan trung tAm.
Bdng 4.1: So sdnh loi gidi sé va loi gidi chinh xdc dbi véi
phuong trinh tdi.
Trudng hgp a = 1/6 (trong (4.10)), t=0,4024, x; = i/41

Piéu kién bién: f (0,¢) = —3sin( 47 — _ :
1-2asm 7t

l1—asin nt
—2asin 't

f(1,t) =3sin( 47 g

Nghiém chinh xéc clia bai todn nay la:
x — asin xt
1-2asin 7t

f(x,t) =3sin( 47

Chia doan (0,1) thanh 41 doan déu nhau vdi Ax = 1/41 v
Ay At=1,5/41. i
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| !T;:ggg : " § & ef_H O (6fm, ;Hj) fr: (fri,fr2)
L =0, =1106=0,6| 6=1
0 1.592 | 1.592 | 1.592 | 1.592 1.592 1.592 1.592
1 2.732 | 2.815 | 2.831 | 2.261 2.049 | 2.323 | 2.145
-2 2.962 | 2.833 [ 2.986 | 2.086 1.844 | 2.753 | 2.424
3 2204 | 1.802 | 2.094 | 1.315 1.263 2.86 2.42
4 0.711 | 0.186 | 0.501 | 0.351 0.561 | 2.633 | 2.194
45 -1.019 | -1.451|-1.241] -0.518 | -0.057 | 2.097 1.754
6 -2.409 | -2.596 |-2.556| -1.07 | -0.454 | 1.325 1.193
7 -2.996 | -2.897 |-3.024 | -1.192 | -0.56 0.39 0.53
8 -2.584 [ -2.276 |-2.507 | -0.888 | -0.382 | -0.614 | -0.118
9 -1.311 {-0919 |-1.186| -0.267 | 0.012 | -1.527 | -0.728
10 0.399 | 0.76 [ 0.516 | 0.485 | 0.498 | -2.191 | -1.864
' 1.976 | 2.209 | 2.051 | 1.143 | 0.923 | -2.554 | -1.418
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12 | 2.894 | 2937 {2914 | 1.491 | 1.128 |-2.582 | -1.349 pha. Sd d6 sai phan theo hu6ng 1am thay d6i bién d6 nhun

13 | 2.848 | 2.704 | 2.816 | 1.378 | 0.996 |-2.064 | -1.018 gilf dugc pha dao déng. ' e
14 1.852 | 1.595 | 1.792 | 0.776 | 0.484 | -0.734 | -0.359 . Nhitng tinh todn cho cdc bai toin thuc tién kh4

15 0.239 |-0.026 | 0.177 | -0.196 | -0.339 | 1.167 | 0.325 déu khing dinh nhifng nhin xét trén. ' ¢ nhau
16 |-1454] -164 |-1.497] -1283 | -1.283 | 2.456 | 0.841 444, Phutong ohdn < R ’

17 |-2662]-2.732[-2.679] -2.14 | 2.062 | 1.661 | 0.48 j 8Phap s6 cho phitong trinh khuéch tin thudn tiy
18 |-2.903|-2.962|-2.979| -2.445 | -2.364 | -1.187 | -0.806 | | Gray va Pinder /26/ da chi ra ring néu qua trinh khueh
19 [-2.309]-2.256-2.298] -1.989 | -1.955 | -3.417 | -2.786 tn 12 tong d5i manh thi hau hét céc phuong phap s5 déu ce;o

- cdc k€t qud thda min, vi th€ vdj

< phuong trinh &ch t4
| thudn tdy: g khuéch tin

Két qui trong bang 4.1 dugdc biéu dién dd thi trén hinh &
13 dudi day: . oS %S

a Kgr oS+ (4.50)

Hinh 13: So sdnh cdc phuong phdp nji suy ~
. trong d6: khiq>0: 0= g/A >0, 9= qCy/A

1
; jChu y rang s6 hang oS c6 thé chuyén san

win tdy) g phuong trinh t3i

GiA tri

Ta diing so dd sau day:

O’S _20(Si ~ S +2(1-0)(ST, - 5

Toa 4o

2 —
—_— e T - =m = fc S {H | Ox 552
— —— e ; ] n+ n+
fHZ le fI‘2 :A _20(5’{ 1 —Si_11)+2(1"0)(s,-n—lg£l)
Tir két qua thuc nghiém s6 véi cdc budc thdi gian khic ' 5,

nhau (bang 4.1 chi 12 cho mét vi du) cho thay:

oS =~ [HS,.”“ + (1~9)Si"]0'§ _51 _ SiHl g
” or Ar
POl o1 =Xi— X , 82 = Xjy1 —X; ,8=8,+0,

<> Phuong phép dic trung véi ca hai cdch ndi suy déu cho ké
qua khd chinh x4c.

{ Cdc phuong phép sai phan déu bi khuéch tdn s6. So db sdl }
phén trung tim cho cdc két qué sai lac cd vé bién do ' Thay vao (4.50) va sau khi rit gon ta dugc hé phuong
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a Trong do6:
trinh 3 dudng chéo sau day: 05 s
u(x,ty=mr————cosxt; xe€[0,1] , t>0;

nel _ p (4.51) 2—sinzt

M S+ N SP™+ LS i
f(x,0) = 3sinmx

Véii=2,3,..,N-1 4 sin wt
f(l,t) = 3sin( 21 ———

_2K6KAt _2K0A: 2 — sin wt
P P S 5 - e
1 2 f(0,t) = -3sin( 27 sm-n
Ni=—(1+—2—18<—%é—t—+cGAt) 2 —sin wt
s 64K’ \
p - 2KAO-D g 1 sAt(1-0) (2 - sin wt)?
' 5.8
- 2'_K_A_tg_—_e_)_]s'i‘ + M(if_l_)s'i‘ﬂ — @At V@i cdc di€u ki€n trén, (4.52) c6 nghiém chinh xdc:
8.9, EL 4x — sin mwt

f(x,t)=3sin( 27w
Dé gii (4.51) cin biét diéu kién tai hai dau bién Sln.“ Yﬁ , 2 _sin mt
Sy™! va céc gid tri ban ddu Si", S2°, S\" . Céc gid tri nay
14y ti¥ nghiém ciia phuong trinh tai thuan tdy.

(4.51)1a hé phuong trinh 3 dudng chéo, c6 thé gidi b?lir:g
phuong phap Kkhit dudi. Hé nay da dugc nghién cifu trong nhicui

Chid y ring véi trudng hdp trén vin tdc u(x,t) cé dang
. dao dong theo thdi gian, vi thé gan véi qud trinh thyc.

Dé gidi (4.52) ta diing phép phan ri sau:

4.4.5. Thtc nghigm s& khi gidi phuong trinh tdi khuéch tdn (0,0 (4.53) w(0,0)=1(0,1) (4.54)
4.5. Thy, o L) - w(Lt)= f(,1)
2 5 st d6 chinh Xic cua phddng phap phan ra, U - ’ s
bé khao sat do ¢ " f(x,0) v (x,0) = f(x,1)

1am mot thyc nghiém s& gidi phuong trinh sau day:

N 4.53) dugc gidi bing phuong phdp dudng dic trung néu
5 of O f o gc g g phuong phap g da g
—éft— +u(x,t)'a—; = Kaz_ -of (4.52) ong muc 4.3.1 con (4.54) gidi bing sd d6 s6 néu trong muc

' '4'4 , V0i 8 = 2/3 , Ax = 1/41 va At = 1,5/41. Béng 5 cho so
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sdnh két qua gitta nghiém chinh x4dc F va nghiém tinh todn Fr
tai budc thdi gian thit 52 d6i véi vi du néu trén.

Bdng 4.2: Két qud sé giita nghiém chinh xdc va nghiém phdn

ra

il 0 1 2 3 4 |5 6 7 81 0243
F R2.214 P.668 [2.935 2.995 [2.845 [2.495 {1.970 |1.307 0.551 }O. :
F+ .214 R2.630 2.943 B.000 [2.851 [2.499 [1.969 |1.302 [0.543 [0.25
T B .

i 110 |11 |12 | 13 (14 |15 | 16 | 17 188 11197
F }1.020}1.726}2.320}2.732 |-2.962}2.983}2.796}12.411}1.858 1.

Fr F1.03611.744}2.33 }2.753 }2.963}3.0001-2.814}2.427}1.870 118
T ri. .

T bang 4.2 ta thdy két qua tinh todn bing phucng pha:lp
hén ri, trong d6 phuong trinh tai dudgc gidi bér}g phlj’dn,g phép
gﬁc tru‘r,lg cho két qua khd chinh xdc. Vi th€ ta s& st dung

phuong phdp nay cho tinh todn trén thuc ti€n va dugc dung |

trong chuong trinh SAL. N
4.5. Vé tinh dy bdo cta s¢ d6 khi sit dung phuong phip \,
phianra A
4.5.1. Cdch cho diéu ki¢n bién cho bai todn mdn trén song
don \
Goi L 1a chiéu dai séng va bién ha luu dit tai x = 0, blenh,
thugng luu dat tai x = L.
Tai bién ha lvu x = 0: o
a. Khi triéu vao (Q > 0): Cho gid tri Sy(t) tai x = 9: d}mg gsxa tr;
nay d€ gidi phuong trinh tai (4.37) s& du’qc.cac gid tri S It li,l ;
Sn trén toan nhdnh séng. Ding cdc gid tri nay lam diéu kié :
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diu cho (4.38). Cdc gid tri S; va Sy 1a gi4 tri bién cho (4.38).
Nhu vay sau khj gidi (4.38) s& dugc nghiém cia baj todn.
Trong rudng hgp nay chi cin cho gid trj taj ha lhvu.

b. Khi triéu ra (Q <0): Né&u bién thugng Iuu x = L di xa bién
tai d6 d6 min Sy = 0, thi dung diéy ki€n nay 1am bién két hogp
v6i di€u kién ban diu c6 the tinh dugc d6 min trén toan nhdnh
song k€ c3 gid tri S; tai bién ha Iwu x = 0, n&u tai bién thugng
Itu van bi min thi phdi cho trude do mdn taj day.

Tém lai, néu dong chdy t phia ngoai mién tinh todn
hudng vio bién thi tai d6 phdi cho do man. Con khi dong chdy
- huéng tit mién tinh todn ra bién thi dd man tai d6 dudc tinh.
| Nhu vay néu qui trinh tinh bit diy tr thdi diém tridu dang ra,
- biét rudc cdc didy ki€n ban ddu va néu bién thugng luu dd xa
 bién thi c6 thé tinh dudc gid trj S, tai bién ha Iuu khi tridy ra,
Khi triéu vao tai bién ha Iuu chi cdn biét gig tri Spax va chu ky
| triéu thi bing mot Phép ndi suy nao ds giira Smin VA Spax 12 ¢6
 thé xaD xf dugc dudng qua trinh man khi tridy vao, Véi cdch t8
: thic ndy chi can biét trudc cic thdng tin Sy, va céc thyj diém
;:t max tai bién 1a c6 thé tinh todn dugc. Véi wu di€m nay mo
Hinh tdng dugc tinh dy bo.

M.5.2. Vé dnh huéng cia qud trinh téi va qud trinh khuseh,
1 tdn

Nghién ctu chit che vé ly thuyét vai tro riéng ré& cida
 trinh tdi va khuéch tin (hay dispertion) trong qué trinh
Bm nhap min 13 vin dé rat khé khan, tuy nhién bing mot vi

.56 cho bai todn x4m nhdp mén trén hé thdng séng Sai Gon
fa ra trong bang 4.3 ta rit ra mot s§ nhin xét sau day:
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< Trong qué trinh lan truyén min, dusi dnh hudng cda thiy

, kién ddu). Gi4 trj bién lan truyén theo hudng dong chiy véi
tri€u, qu4 trinh tdi gif vai trd chd yéu d6i véi mot budc thdi

van toc u. N&u dong chdy chi theo mot hudng nhat dinh thi sau
mot khodng thdi gian nao dé toan mién s& chiu 4nh hudng cia
'bién va khéng chiu anh huGng cda diéu kién ban diu. Tuy
nhién do cdc dao dong tudn hoan cia thiy tri€u lam dong chay
lu6n d8i hudng, do d6 anh hudng cia diéu kién ban diu trong
bai todn min ton tai rat lau tay thudc vao tdc d6 truyén tridu,
bi€n d6 triéu, dia hinh, Iuu lugng nude ngot ty thuong ngudn,
- Cdc diém cdch xa ngudn min anh hudng ciia diéu kién ban
ddu cang 1au. Vi th€ dé c6 the dat dugc mot didu kién ban diu
‘ ge‘in ding, trong thuc hanh thudng cho theo hai c4ch sau day:

gian.

< Qud trinh tdn xa (hay gid khuéch tdn) chi c6 Aémh h’ufc’ing ticl} |
ldy sau mdt qud trinh lau dai, con trong mot bl{’(.fc i&t qu? |
trinh nay hau nhu khéng dnh hudng t6i su th'ay doi nongAdQ
tai mot di€m, vi thé€ c6 thé tinh ndng dd tai hop luu th(?ng
q.ua qud trinh tdi, va nhu vy qué trinh tdn xa dugc tinh
thdng qua 16p thdi gian truSe.

¢ C6 thé tinh xam nhdp min chi ding mot he s& téfjtx; Zi |
N < S PERTPN 5 o

xem n6 [ hing sO cho toan nhdnh song (hoge mot doan | | ¢ Ding diu kién bién tudn hoan (c thily lvc va man) Iap Lai

- mots6 1an, véi trang th4i man ban ddu 12 khong. Khi da dat

dugc mot gid tri nao d6 cho toin hé thong ma gi4 tri nay

thay d6i khong nhidu gita haj 1in lap thi chon 1am diéu

kién ban ddu cho baj to4n mén. Cédch cho diéu kién ban

ddu nay ddi hdi mot s& bude thdi gian tinh todn, thudng
dugc két hop trong qud trinh didu chinh m0 hinh thiy lyc.

song). .
Bdng 4.3: So sdnh gid tri nong dp thf:o qud trilfh tdivthu:’in tii_y
(ST) va dé mdn toan phdn (S) é cdc mdt cav’t trin
nhdnh séng Sai Gon & gio thit 42 ti lic bat da;f

tinh todn
Mitcit| 1 2 3 4 5 6 { 7189 [10}11

ST 114.50]10.75(9.88]9.33 |7.48 |6.35{5.88{4.56{3.50{2.31{1.25
S [14.50{10.7519.8919.34 |7.47 {6.35|5.89{4.57{3.49{2.31{1.26

Cén ci vao s§ liéu thue do tai mot s6 tram, cho trudc mot
phin bd nao ds dya trén ndi suy tuyén tinh, sau dé ding
. di€u kién tudn hoan nhy cich noéi trén. Thyc tién tinh to4n
- cho thay thudng sau 25 dén 50 chu ky triéu (ching han d6i
L v6i Pdng béng song Cttu long) méi c6 thé dat dugc diéu
kién 6n dinh tay thude vao sy phic tap cda ting hé song.

Tir bang 4.3 r6 rang sy sai khdc gitta S va ST 1a khén}
dang k&. ._
4.5.3. Cdch cho diéu ki¢n ddu trong bai todn lan truyén mdgn |

Tir viéc gidi phuong trinh tdi bing phuong phdp dg
trung ta thdy cdc gid tri tinh todn phu thudc vio trudng vain t
dong chdy va gid tri ndng do tai 16p thdi gian trudc (hay dl

. Van dé cho diéu kién ban dau lién quan chat ché vdéi c4c
Bii todn du bdo va tinh phuong 4n.
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4.6. Piéu kién tudng hgp tai hgp luu trong bai todn man
trén hé séng

D3&i véi hé sdng, néu biét trude duge dd min tai hgp luu
thi bai todn dua vé gidi cho tiing nhdnh sdng riéng ré nhu néu
trong 4.5.1. Trong trudng hop nay hop luu dong vai tro nhu
mdt bién. Nhu da 1y gidi trong 4.5.1 khi dong chdy cia cdc
nhanh huéng vé hop Iuu thi 46 mén tai cdc mat cdt dp sdt hdp
Iwu c6 thé tinh dudc bing cdch gidi phuong trinh tdi. Khi dong
chdy tit hgp luu di ra thi d6 mén tai cdc mat cidt 4p sdt hgp luu
phai dugc cho. Khi dong chdy hudng t6i hop Iuu thi nong do tai
cdc mat cit 4p sat hop luu néi chung 1a khic nhau, chi sau khi
x40 tron mdi ¢6 thé c6 mot ndng dd chung (tat nhién day ciing
1a mot gi4 thi&t nhung sat thyc t& hon). Vi thé & day ta gid thiét
nhu sau:

< Tai hop lvu: Téng lugng midn mang tdi bing téng lugng
min mang ra khéi hgp luu (quy luit bdo toan).

< Sau khi x40 tron ndng do min tai cdc mat cit 4p st hgp |
Iwu ctia dong chdy ra khdi hgp luu s& nhu nhau. (Pay 13 |

mot gia thiét xap xi), con tai cdc mit chdy vao ndng d6
khong nhit thi€t bing nhau. ‘

Dua trén hai gid thit nay ndng d6 min tai cdc mat cit’

chay ra 4p sdt hgp luu dudc tinh nhu sau:
or'S;
i

T Xof
J

SN (4.55)
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V6i SN 1a ndng dd min tai cdc mat cdt chdy ra khdi hdp
lwu; S, Qi 1a A min va luu lugng tai cdc mit cdt 4p s4t hgp
Itu cda cdc nhanh chdy vao. Q 1a lvu lugng tai cdc mat cit
chdy ra . Nong d6 S; 1a nghiém cia (4.37). Chi y riing:

Z in ‘_‘Z Q_[R

Trong (4.55) khong diing khdi niém thé iich nut, khong
ding viéc sai phan phuong trinh cin bing tai mit, trdnh gid
thi€t x4o tron déu cla cdc nhdnh vao va khong tryc ti€p diing
khdi niém ndng d6 tai nidt. Mit khdc, d€ tinh S; ta dung thuit
todn dic trung, nhu di chi trong thuc nghiém s néu & cdc muc
trén, dat dugc d6 chinh x4dc can thiét. Ciing lvu ¥ ring tai cic
mit cdt 4p sdt hgp luwu, qud trinh dispertion dugc tinh qua 16p
thdi gian trude.

4.7. Phuong phdp tuy&n tinh héa trong bai todn miin
D& gidi (4.2) cdn c6 thé ding mot phuong phdp gidi gin
ing sau ddy: Khi gidi (4.2) tai 16p thdi gian thi n +1 ta 13y
i4 tri ciia v€ phai tai 16p thdi gian thit n. Nhu vy (4.2) trd
anh phuong trinh hyperbol dang:

0 0
a—f;+u(x,t)§=g(x,z)

. Trong d6 ham g(x,t) dugc xem la da biét. HE nay cé
huong trinh dic trung dx = u.dt vdi hé thic dac trung:

df = g.dt (4.56)

Hé (4.56) c6 thé tich phin doc theo dic trung AB (Hinh
) nhu sau:
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Trong d6 S, 12 d6 min & thugng Iuu, Sq 13 d6 min tai ha

B B )
J’ df = J' gdt n+l B
) ) Itu. Khi qua cong trinh thi Q = g,dodé S, = S4.

HOiC fB = fA + g At n / C D

&

/T cdch tinh min tai hdp Iuu ta c6:

¢ Né&u dong chdy tit thugng luu t6i ha Iuu:

i1 i i+
Hinh 14: Sa=S,
Gid tri trung binh gy, ¢ thé 14y theo cdc cong thitc khic Jl ¢ Né&u dong chdy ti ha huu tdi thugng luu:
nhau, ching han: Sy =S4

g =0,5(ga+gp)

Ciéc gid tri ga, fa dudc tinh qua cic gid tri di biét ., va f;

bing mot phép ndi suy nao d6 nhu dd néu trong cich gidd
phuong trinh t3i. Chi ¥ ring g 12 dao ham bic hai, tai hai da I
bién chura biét trudc (mic dii biét f; va fy) vi thé phdi gia thiét g‘,
=gn =0, tdc 1a khong c6 khuéch tan tai hai diu. Qud trinh )
todn lai trd vé gin diing vdi qud trinh phan ri. P& x4c dinh céf
-dao ham g5 , ..... , gn-1 cling phdi gidi hé phuong trinh ba dudng
chéo. Ta khong trinh bay chi tiét phuong phap nay & day. /

Sau khi ¢6 gid tri nong do tai thuong luwu (hoic ha luu), bai
toan trd vé tinh cho mdi nhanh riéng ré.

Nhu vy khi xem céng trinh 13 mét nhdnh dic biét nhu
':- ong cdch tinh thiy luc (néu trong chuong 3) cdch tinh min
i ¢6 cOng trinh déu dé dang vé khia canh mo phdng trén
ndy nhd cdch tinh man bing phu’dng phdp phian ra (cich mo

7

8 , 16 chitc chudng trinh, vao ra s6 liéu,..).

4.8. Tinh mén khi cé cdng trinh

Trong chuong 3 ta di trinh bay cdch tinh thiy luc hy
théng séng khi cé cong trinh. Ta dd coi cong trinh nhu mé
nhanh dic biét (khdng c¢6 chiéu dai) ndi hai nit thugng va iy
lwu, tai d6 ¢6 mot nhdnh chdy vdo va mot nhdnh chdy r
Nhénh chdy vao tuong dng v4i thugng Iuu, con nhdnh chﬁyr"
twong Ung véi ha luu. Qua cdng trinh lugng mén van bio to
hoidc & dang biéu thifc todn hoc: ]

Q.S =q.Sq (4.57)
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